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ABSTRACT

The importance and the usefulness of remote sensing has aroused
great interest in the investigation of the scattering of waves from rough
surfaces. Numerous approaches to the problem are now available for
various cases, but none is general and at the same time exact. The
underlying principles of the different methods as well as their restrictions
are discussed.

The Kirchhoff-Huygens method is used to investigate the scattering
from a statistically rough surface in the far zone. Terms that involve
the first or second partial derivatives of the surface are all considered
and found to be of importance for angles of incidence greater than or
equal to 20° in the case of backscattering. The artificial line charge
introduced around the edge of the illuminated area to satisfy Maxwell's
equations is found to have no effect on the mean return power.

Investigation on the statistical parameters of the surface obtained
through fitting experimental curves shows that these quantities are
frequency sensitive and are,in general, effective parameters rather than
real parameters of the surface. It is shown that the exploring wavelength
has a sampling filter effect, i.e., it is sensitive only to a certain range
of structure sizes, the experimentally determined range being from less
than one to tens of wavelengths, It is also shown that when the incident
wavelength is about four times the actual standard deviation of the surface,
the statistical parameters obtained through fitting the experimental curves
will be the actual ones. '

Through the angular variation of the return power it is found that
proper representation of the surface-height autocorrelation function will
give more information about the surface. Specifically, it is possible to
learn the range of structure sizes that are present on a given surface by
examining a more detailed surface-height autocorrelation function. The
proper form as well as the motivation to it is discussed. A very close
fit between theory using such an autocorrelation function and the
experimental results (both the moon and the earth data) is obtained over
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a range of incident angles from normal incidence to 80° from normal.

It is found that most of the contribution near normal incidence is due

to that range of the autocorrelation that approximates the slowly varying
exponential found alone in several theories, whereas the part of the
autocorrelation near the origin that approximates a more rapidly varying
exponential governs return at large angles. The autocorrelation differs
from the slowly varying exponential only near the origin. Thus, it
appears, as is intuitively evident, that large scale features determine
the return at near-normal incidence and small-scale features determine

that from nearer grazing incidence.



CHAPTER1 INTRODUCTION

The problem of scattering of waves from rough surfaces has been
of interest to engineers, physicists, and applied mathematicians for more
than sixty years. Although a general and exact solution to this problem
is as yet lacking, various special methods that are valid in many cases
of practical interest are available. This is especially true when the angle
of incidence measured from the vertical is not too large; for then many
effects such as polarization, depolarization, shadowing, ‘multiple
reflections, etc., may not have come in or become of importance.

In the following chapter we shall survey the scattering theories
and state the conditions under which each is valid. The various theories
will be discussed under the following four headings: first, the case of
surface roughness large compared with the incident wavelength
[ Feinstein 1954; Daniels 1961; Beckmann 1963; Mitzner 1964;

Muhleman 1964, etc] ; secondly, the case of surface roughness small
compared with the wavelength [Rice 1951; Miles 1954; Parker 1956;

Bass and Bocharov 1958; Mitzner 1964, etc} ; thirdly, the case of

surface roughness of assumed shapes [Deriugen 1954; Twersky 1957;
Ament 1960, etc.] , and lastly exact methods [March 1961] . Roughly
speaking, the first case deals with surface irregularities that are large
horizontally,and perhaps vertically also, when compared with the incident
wavelength. The second case requires the amplitudes of the irregularities
to be small compared with the wavelength and slopes small compared

with unity. Thus, in units of wavélengths the irregularities have small
vertical dimensions but not neceésarily small horizontal ones. The third
case deals with special surfaces where an exact solution is theoretically
possible; no restriction needs fo be placed on the size of the irregularities.
The exact methods to be discussed are methods of solving a boundary
value problem. The results are clearly very complex. However, with high
speed computers available, they are not entirely impractical.

In Chapter III, a detailed development of Kirchhoff-Huygens'

method of solving the bistatic and monostatic radar return problem is



given, Terms involving the first and the second partial derivatives of
the surface, which are usually ignored eithér partly or completely,
[Isakovich 1952; Daniels 1961; Winter 1962; Hagfors 1964] are all
evaluated for an exponential surface-height autocorrelation function.
The general result is as follows for the average scattered power in all

directions,

t L T (i)z&-;]

) —RR. 81" K (€0 + Coaok) (8ond = gim 8 &im @) 808 808 Sinp
donoC

' (L2} € §F & @.-3]

b neo nl
+RR | Lo8 (a2 & K' [ nel
aon K (X} € ,,23:0 n}{ 2R3

| .
4+, ([Hn+) + & \ alP-t%) . '
4'62'3 ([Q (P-i¢) [('H)TZQ I+ [-(n+o)+6{‘ (ene) ZQJ)

n ) L (4R ¥, ra(p=~i2) ¥
- -_———1. . + : 7 . + 14
- Teigy | 2@ ¢ 4R ([Mr—vp] [—<n+n+ R J }

+KQL{'}R (Code-i—(‘.no(')o(dm,e (_Q_a e"““’ K"{ [

Mr\,d n=o n,‘ af'(r*.[%)z




- " 2‘ N
EET AT (e M GADRELY

a5t (ora - 207))]

where = 27M Hic 7S, m/R2
R - [,nz + Qz(¢z+%;)]77-
® = (i) + @ (f+ )"
R - [(n+2) + 0:'(4"'4-%")] %
K = k 6 ( Cak + Cag)*
b = k(o = dind aind)
t - kaemocnd
£
d
H
a

21 /A

A

= half the width of the illuminated area

= the intrinsic impedance of the free space
¢ = amplitude of the incident H wave

= correlation distance
C = velocity of light

'T = pulse length



-

Other symbols are defined in Fig. III-1. It is found that for backscattering
the said terms are of importance at large angles of incidence starting at
about 20° for the term involving the first partial derivative of the surface
and at about 35° for the higher order terms. Mean power expressions for
the special case of forward scattering along the specular direction are
also given and their variation with the angle of incidence indicates an
increase in reflection with incident angle. This behavior checks with
experimental results [Taylor 1964] .
In the course of the development of the theory of bistatic radar
return it is found that the artificial line charge introduced.around the
edge of the illuminated area has no effect on the mean power scattered.
The comparison between theory and experiment shows that the
statistical parameters of the surface obtained from fitting experimental
curves are functions of frequency. It is shown in Chapter IV that the
incident wavelength is actually sensitive only to a certain range of
structure sizes. The experimentally determined range is from less than
one to tens of wavelengths [Evans 1962] . Thus, the statistical parameters
of the surface obtained this way are effective parameters that characterize
only the range of structures seen at the given frequency. Since the
standard deviation of a surface is determined mostly by large structures,
these effective parameters will coincide with the true parameters of
the surface at some frequency that is sensitive to the large structures
on the surface. In fact, it is shown that when the exploring wavelength
is about four times the standard deviation of the surface, the parameters
obtained through fitting the experimental curves will be the true ones.
The last statement holds for near-vertical incidence, since at large angles
smaller structures will dominate the return [Fu-ng and Moore 1964] .
Examining the problem of angular variation of the mean return

power shows that a more detailed surface-height autocorrelation function,

ee) = 1+ K' ta{ (c/a) expl-x(1- ™)

+ _:: mf[-K(l- e_‘m)] + {- M«f[— K(t- e-'gllf')]
+Eegp[-ra- e )]
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where K = 4 (2n/2) ¢
a ' = effective standard deviation of the surface heights
A = wavelength

a= c+d+f+g
L, 1, 1', 1" are the correlation distances of various structures
c, d, f, g are appropriate constants,

is necessary for a surface with continuous distribution of structure
sizes. The motivation for its form is discussed in the latter part of
Chapter IV. The result shows that with this more detailed autocorrelation
function, only the zero order term (the term in the power return expression
that does not contain any partial derivative of the surface) needs to be
kept within 80° of the vertical. This appears to be a reasonable
approximation, since in the region where the zero order term is large,
the higher order terms (terms involving the partial derivatives of
the surface) are comparatively small. The use of such an autocorrelation
function permits a very close fit of both the moon and the earth data over
a range of the incident angle from 0° to 80°. It is found that most of
the contribution near normal incidence is due to that range of the auto-
correlation that approximates the slowly varying exponential found alone
in several theories [Daniels 1961; Hayre 1961; Hagfors 1964]} whereas
the part of the autocorrelation near the origin that approximates a more
rapidly varying exponential governs returns at large angles. This
autocorrelation differs from the slowly varying one only in a small region
near the origin. Hence, it appears, as is expected intuitively, that
large scale features determine the return at near-normal incidence and
small-scale features determine that at larger angles.

As will be seen in Chapter III and Chapter IV, in many cases the
theory of Chapter IIT compares favorably with the experimental results.

Thus, contribution to mean power return at large angles may be due to



the terms involving the partial derivatives of the surface (see Eq.III-8)
rather than the inadequate description of the surface-correlation function
by a simple exponential. Further work needs to be done to clarify this
point.

A preliminary study on the effects of the size of the illuminated
area on radar measurements is also made for the case of near-vertical
incidence. It is found that the presence of large undulations comparable
in size to the illuminated area will cause a drop in the mean return power.
Details are given in section 4.5.



CHAPTER II
LITERATURE SURVEY ON SCATTERING THEORIES

2.1 Introduction

The problem of scattering of waves from a rough surface has been
studied continuously since the days of Lord Rayleigh [l 895] and has
become of special interest during the last twenty years. This is due to
its numerous applications in various branches of science such as radar,
radio communication, radio astronomy, acoustics, etc. An excellent
reference and introduction to the subject is the book by Beckmann and
Spizzichino [1963] where both theories and applications are treated.
Additional references may be found in survey papers by Lysanov [1955_[
and Bachynski [1959] and an extensive bibliography is included at the
end of this work.

A general and exact solution to the problem is as yet unavailable.
This is due to the complications in the boundary conditions which are
now functionals of the irregular or random function describing the
surface boundary [Rice 1951] . The resulting complexity is always such
that approximations must be made whenever an explicit and useful result
is desired. The particular type of approximation used depends upon
the approach adopted which in turn depends on the type of problem in
question. Thus, we can divide the general problem into three different
categories where different types of approximations are valid: first, the
case when the surface roughness is large compared with the incident
wavelength; secondly, when it is small compared with the wavelength,
and lastly, when the surface roughness can be replaced by objects of
specific shapes. Exact methods have also been developed by some
authors, but the result is so complicated that the properties of the
solution cannot be deduced except by numerical means. In what follows
we shall briefly survey some of the various methods for each of the
cases. Others that are modifications of similar methods will be found in
the bibliography. Only the basic principle underlying each method will
be discussed, but in many cases to enhance understanding, a sketch of

the main steps in the development will also be given.



2.2 Case of surface roughness large compared with the wavelength

(i) The Kirchhoff's method

The field scattered from the rough surface is formulated according
to Huygens' principle and is given either by the Helmholtz integral (in
the scalar case) or the Stratton-Chu integral [Stratton 1941] (in the vector
case). These integrals express the scattered field in terms of the total
field and its normal derivative or their equivalents on the surface
[Silver 1949] . The values of these two quantities are not in general
known and are in this case determined by the tangent plane approximation,
i. e. the field at each point of the surface may be represented as the
sum of the incident wave and a wave reflected from the plane tangent to
the surface at the given point. The criterion for the validity of this
approximation has been found by Brekhovskikh [1 952] . Itis

4T f o >7 A

when the point in question is not a point of inflection, where f is the
smaller of the two principal radii of curvature at the point; 8 is the

local angle of incidence and A is the wavelength of the incident radiation.
In the case where the point is a point of inflection, the condition to be
satisfied is

2 A o ly~S2
241 cose 5> J.x(F)v\

where x is the coordinate measured along the mean level of the rough
surface[Brekhovskikh 1952] .

The above conditions restrict the method to work for locally flat
surface composed of irregularitieswith small curvatures. Also, the
angle of incidence must not be near grazing. Within the validity of the
basic postulate of the Kirchhoff approximation‘ or the tangent plane
approximation, this method gives then an exact solution, However, it
is interesting to observe that when the conditions stated above are not
satisfied, as for example in the case of surfaces consisting of small
rectangular corrugations, this method may still give very good results
[Beckmann and Spizzichino 1963, p. 66] . Detailed discussion of this
method will be found in Chapter III.



(ii) Muhleman's method

Using ray optics, Muhleman [1964] developed a statistical theory
for the radar backscatter angular power function. The physical basis of
the theory involves combining two random variables which represent
height variations and horizontal scattering lengths to form the probability
distribution function for surface slopes. The probability density function
of slopes is then shown to be directly related to the backscatter function.

The probability that the normal-to-the surface element lies within
a solid angle of sine ded¢ at an angle § measured from the normal
to the mean spherical surface Figure II-1 is assumed to be of the form
(in spherical coordinates)

peo, d) sinb do A= pio) 4ind do %% (iI-1)

Figure II-1

.Geometry defining the incident
ray & ; the reflected ray ¢ ;
the normal to the scattering
element 8 ; and normal to the
mean surface N .
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If now a unit flux is incident on an area 48 of the mean surface at an
angle of incidence, of , from the mean normal, then the intensity §]
per unit solid angle scattered into a solid angle dQ in the direction

( (3 .V ) is given by the number of individual scattering elements in 4.8
that are so oriented that the laws of reflection are satisfied. Thus,

$SI1dQ = Prb [0 on a6 48 dd]) (D-L)dS
N Slaimpdpdy = A2 siododp nr)ds @-2)

where (8, ¢ ) are related to ( @ . '\If‘ ) by the laws of reflection; pn
is the normal of a scattering element. Hence, a scattering element
will contribute if its normal is in the plane formed by & and & and
midway between £ and £ .

By relating M‘!L{&i"{' and 40 d84¢ , Equation (II-2)
can be reduced for the backscattering case (£ = p s '\]f =0)to

81 = %;—Q dS (I1-3)

which states that the probability frequency function of the tilt angles

of the scattering elements (slope) is the same as scattering law. This

probability function of the tilt angle, of , can be found when some kind of

joint probability density is assumed for the horizontal scattering length

and height variables. The joint density is then expressed in spherical

coordinates in r and o« and k(oc) is obtained after an integration over r .
For the geometrical laws to apply, this method requires the surface

to be covered with plane-scattering elements of unspecified size. However,

even so it is not sufficient for the laws of geometrical optics to hold,

since these plane scatterers are of finite sizes so that some kind of

reradiating pattern rather than a single ray shéuld be considered. Thus,

his result predicts an incorrect behavior when compared with the experi-

mental results of Pettit and Nicholson[ 1931] and Lynn et. al. [1964] .

A completely similar idea was employed by Ornstein and Van der Berg [1937]

to solve the problem of the scattering of sound from a statistically rough

surface.
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(iii) The Luneberg-Kline method

This method of analysis bases on expressing the scattered and
the transmitted waves at a surface boundary in series expansions in
powers of the wavelength., Substituting this series into the wave equation
leads to a set of first order linear differential equations in a particular
coordinate system. The constants of the solutions to this set of equations
are then determined by the boundary conditions. |

The series in question is called the Luneberg-Kline series
[Iacobson 1962] and it has the form,

® thSce
E(r,N)=2 N Exn)e ) (I1-4)

Mn=o
where k and A are the propagation constant and wavelength respectively.
Equation (II-4) was shown by Kline[ 1951] to be a solution of the vector
Helmholtz equation. Thus, the functions S([) and E(X) are defined by
differential equations obtained by substituting (II-4) into the Helmholtz
equation and equating like powers of A\.. Proceeding in this manner
leads to the following set of equations

2
[vs]® = | (I1-5a)
(V8- 7)E.+ 5 (V$)E. = © (1I-5b)
, .
(VS V) Ent $(V8)En = o= V*E (i1-50)
Note that the expression E, e iks as defined by (II-5a) and

(II—Sb) constitutes a solution of the zero wavelength limit of Helmholtz's
equation. Consequently, it forms a geometrical optics field. Equation
(II-5c) shows that the higher order terms of the series give corrections to
the geometrical optics field and that they can be obtained by an iterative
procedure initiated with ,Qo . By means of a change of variables
[Kline 1951; Jacobson 1962] , (II-5) can be solved to give

S
Ec(suv) = Gy onp[-4| vis dg] @0
"z
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. S S
E"' (S’u)u-) — -—‘-;_—(—{ f Vzg - M[_sz st AS] ds + QH(M)V)}
S S

“tl-4 v 4]
So

where S. is proportional to the phase measured at the boundary and
(S,w, v) is the coordinate system defined in part by the distance
measured along the geometrical optics rays and in part by (W, V') the
point of incidence of a ray on the interface. Note that such a change

of variables simplifies (II-5b) and (II-5c) to first order linear differential
equations, since VSV — 3/33 . The constants C¢ (W,Vv ) and
Cn (W, v ) are determined from the boundary conditions on E, (S, w ,v)
and EA( 8§ ., v ) respectively, if one assumes that the integration

is to be performed over the rays from the boundary to the point at which
the field is to be evaluated. The quantity, ¢3S , is given by

v:S = / 9 s fu ‘ﬁw) (11-8)

‘Ks‘zu 'KV 33 'Ks

where Ks . eu_ , and K\, are the square roots of the metric coefficients
3,53 , 3.m , and 3""' respectively of the ( S , W, U‘) coordinate
system.

The main restriction on this method is the difficulty in computing
the metric coefficients from the geometrical structure of the ray system in
order to find v*$ . Thus, the problem will be much easier to solve when
there is no multiple reflection and shadowing. Clearly, the roughness
of the surface in question has to be large compared with the wavelength
so that a few terms of the series will suffice. The advantage of this
method is that it gives an indication as to how good is the geometrical
optics approximation for a given problem. What is more, it supplies all
the correction terms.

The extension of this method to the case of random roughness has
not been made. It is, however, clear that the restriction on large scale

roughness compared with the wavelength cannot be removed.
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(iv) The geometrical optics method
The coherency matrix, J , is defined as follows [Born and Wolf
1959]

<E>LE:> <E:LE;>
* *
<E, £ > <E, £ >

where Ex and Ey are the x- and y- components of the electric vector of

i

(Ir-9)

an electromagnetic wave traveling in the 2 - direction, £t denotes
the complex conjugate of E -and ¢ -+ » indicates time averaging. The
trace of the matrix gives the total intensity of the wave and the non-
diagonal terms indicate the correlation between the components of the
electric vector in the x- and y- directions. Thus, for completely
polarized wave, the determinant J is zero; for completely unpolarized
wave, the non-diagonal terms are zero and <E, Ef) = < E} Eé") .
Other cases then define partially polarized waves.

By calculating the coherency matrix of the reflected wave,
Mitzner [1964] solved the problem of a partially polarized wave scattered
from a rough plane interface. Both the case where the surface is
considered to have a number of specular points and the case where the
surface roughness is described statistically were treated.

The problem of reflection from a tilted plane was treated first
and leads to the result that the coherency matrix, J refl , of the
wave reflected in a given direction is related to the coherency matrix of

the incident wave, Iinc , by a linear matrix transformation [see Figure
11-2]
JM{I =PJ™ P (11-10)
where
P =—
K
- k BJ_ B4 R” - B. BS’RJ. 83 Bq. R“ + B' B;_R.L

‘ L,
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~

p* = the transpose conjugate of P

K= | = (0 ci®' + a (@' ~d) dend daa’']?
BLT 006 a8’ = Cra (@'- ) 2B CrnB’

By=  Cra(d'~¢) Crn8 a8’ ' — 4ing s’

By= din (¢'-$) aen 8’

By=  din ($' =) 4ine

Ry . Ra are the Fresnel reflection coefficients for the vertically
and horizontally polarized waves respectively

Al’(\t\
;I . reference plane at z= 0

e PN

:
D% Q " . M, Boundary

M_ Plane

se=ach |

Figure II-2
Geometry of the tilted plane problem



15

©, @' are the angles made by the incident and the reflected rays
respectively with the positive Z - axis; 4) and ¢ ' are the corresponding
azimuthal angles. In general, the boundary plane is tilted with respect
to the reference plane; N is a unit vector normal to the boundary plane.

In the far zone and the absence of multiple reflection, shadowing
and refraction, (II-10) can be extended to include the case of reflection

from a rough plane through a roughness factor 'rl as

7 = m P J;“° (A (1-11)
where - [1- o crp! - tn ($'-¢)ons 4"\*\«6'J2
[ (Ca6 - eseo’)*

.

S [

L % L

The summation is taken over all appropriate specular points in the
illuminated area, A; the fxx, fyy, fxy are the partial derivatives of
the surface. For a statistically rough surface, 'q becomes then a
random quantity. The most outstanding feature in this method is that
although only laws of geometrical optics are employed, complete
information about the state of polarization of the reflected wave is
obtained.

2.3 Case of surface roughness small compared with the wavelength

Under this general category we shall describe methods that work
for surface irregularities of amplitude small compared with both the
wavelength of the incident radiation and the local radii of curvature of
the mean surface. Also, the slope of the surface should be much less
than unity. These restrictions lead naturally _to the method of Rayleigh
and the method of‘perturbation. The latter can also be used to give an
approximate solution of an integral equation and thus leads to a different
set of restrictions on the method.

(i) The method of small perturbation

The basic concept involved in the treatment of small perturbation
is to replace the effect of the surface roughness by an equivalent source
distribution on the mean surface. Most of the treatments have been
restricted to a perturbed plane surface [Bass and Bocharov 1958; Rice 1951;
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Miles 1952; etc.] . but actually it applies to any surface where an
appropriate orthogonal curvilinear coordinate system can be used
[Mitzner 1964] .

The main steps to be taken in solving an almost plane interface
problem are as follows. Let the equation of the interface between two
dielectric media be 2 = Z,(x,y)= 2,(ro ), where r, is a point on the
unperturbed plane surface, §,. Then the perturbéd electric field can
be written as

Ew)= E°) + SE() + S'E()+ *+ (1-12)

where g: is the total unperturbed field -- incident plus reflected -- and

Sn'E, (£) is the perturbation field of order 2". Let there be no sources
in the neighborhood of the interface. Then at a point on the surface, i.e.
at L= ix +§~3ka= re+ %2, , Taylor's expansion gives

E() = B +[2,% Eun +5EW)] +[ 220 2 E()

+2, & SEW) + SEW)] + - (1-13)

let m be the unit local normal vector pointing from medium one
to medium two. Then E (r£) must satisfy the following boundary condition

Qx(gx_g‘)=QXAE = 0

[P

o (g - ¥vZ)x aE =0 (I1-14)

where V. = L fi _‘.i_a%_

Substitution of (II-13) into (II-14) leads to

k x {AEO +[ZA;§E §°+A£E]+[E'zz—‘-’-: £’ +Z2a2SE 4+ AS'E

+ .“] +{4§,+[ZA53'Z'§°+AS§]

3% _o '
L E +ZA >3k +A%E]+ } x VZ, =

+[-'-z ash

(I1-15)
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Equating terms of the same order gives

oE’

& xaSE 35

A,

Il

kx [24Z5 4 (aE,)V'z.] (I1-16)

o
k xa8E =- kx[zaZ sE +-'-ZAQZ,_E +(83E)VZ,| (1-17)
S, -

where the fact that  aE, X V'z, = & x[aE, 'z, Jand that a3 E, =o
on the plane surface is used.

Equations (II-16) and (II-17) give the equivalent magnetic surface
currents on the plane surface up to the second order in perturbation.
Higher order perturbations can, of course, be determined in the same way.
The field everywhere can now be found by using either Kirchhoff's
formula [Bass and Bocharov 1958] or dyadic Green's function [Mitzner
1964] Except that the method is restricted to slightly rough surface,
it gives exact solution to the problem and it works also for statistically
rough surfaces [Mitzner 1964]

(ii) Rayleigh-Rice method

Rice [1 951] gave a direct generalization of the Rayleigh method
for solving the scattering problem to the case of a vector wave and a
random surface. He treated the problem of a plane wave incident from
the dielectric side on an interface between a dielectric and an arbitrary
medium. The main idea involved in solving the problem is to assume
a representation in series of plane waves for each component of the
scattered field with random coefficients. These coefficients are then
determined approximately through . boundary conditions on the interface
and the divergence relation in space. In what follows we outline only
the case of scattering from a perfectly conducting surface.

Let the equation of the perfectly conducting rough surface be
given by

7 = {a,a) =mZ),n P(m n) h/fai-{a,(mt-r n(?)} (I1-18)

a = an /L
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where the double summation extends from - toe for both m and n,
and L is assumed to be very large. The coefficients P (m, n) are taken

to be independent random variables subject only to the condition
P(-m,-n) = P*(m,n) (I1-19)

where the asterick denotes the complex conjugate. This condition is
imposed to make f(x,y) real. The coefficients P(m,n) are further assumed
to be distributed normally about zero and the four independent random
variables formed by the real and imaginary parts of P(m,n) and P(m,-n)
all have the same variance. Thus, the following results hold

< P(min) % =0

<Pl P(w,w)> =0 | g tm=n) oo

< P(mn) Pimn) > = TWG$ /L

T:d.m ) %:a,n

Here ¢ ... ) denotes that m and n are held fixed and the average
taken over the universe of the real and imaginary parts of the P(m,n)'s.
The reason why the variance is chosen in this way is that, as seen
by considering <-f 'ti ) P> with L - @© and changing the sums into
integrals, W(¢, ¢) 49{2— represents the contribqtion to <o ') 3)} of
those components in (II-18) lying between p and p+dp radians/meter
in the x - direction and between gq and gq+dq radian/meter in the Y -
direction.

With such a model for the surface, the total field in the space
Zz > -f(’(, 4) corresponding to a horizontally polarized incident wave
is written Esee Figure II—?]

Ex = 2 Amn E(m,n, 2) (I1-21)
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ziaLn,ng hor[-ta.n)x] t % Bmn E(m, n, 2)
2 Cumn E(m,n, z)

where

E (m,n,z) = Maf[-za(mx+ *na) -t L(m,n)Z]
b (m,n) =[

(?2“' aj.mz_ q'z.,nz]'/z , m;+nz < @3/4:.

. 2 2 Y/ 2
S[admi eyt -p1 mt n > Bt

R = 2 /A

‘A = incident wavelength

is an integer so that the angle of incidence 6 between the incoming ray
and the

Z -axis is restricted to certain discrete values given by

al = 21 /L 5.(?4;«,6 5(?0('
v

0

= Cra B ’ y¥>o
incident wave reflected wave
. YA
e-c@(oa—rz) ,:F(oc1+ rz)

\.—-/K-f‘\/\./‘_\“A’/\__',,a\k//\—--—’\*,«-/\w,_» M

Figure II-3
Geometry of the scattering problem
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The coefficients Amn . Bmn - Cmn can now be determined
by the relation,v-g =0, which gives

am Am, +&n Bmy + bimn) = 0 (11-22)

together with the condition that the tangential component of E must
vanish on the perfectly conducting surface, i.e.
Ei = Nu (EgNy + E3N3 + E;N&) =0
I-23
Ey — Ny (Eq Ne + E4Ny + ExNy) = 0 (i-23)

where N is the unit vector normal to the surface. Now the order of

magnitudes of the components of N is
Ny= =f + 03 | Ny=-f, 043, MNy= | + 0 @-24)

By neglecting terms of order O(-f’) (II-23) becomes
Ey - Ny E, =0 (11-25)

Approximate the coefficients Am,,, Bmn: Cmpn @and E(m, n, z )as
a sum only of their first and second order terms. Thus, (II-25) becomes

S AL +AD + fCanl[1-ibtmmf] EGmno)=o

20 suplia D] B{ A5 6150 4, (1 -tbmf e 0019 o

Equating the first and the second order terms to zero leads to
3]
Z AM') E(m) n,O) =0
L] - (’)
21 M/r[—tm)x,J{Sf-j’ + & Bwn E(m,n,0) =0

Z’ [ A(:n)n + ’fﬂ, C:)n = : L(m) ﬂ)'f Agr)n ] E(m,‘n,o).—. 0

)

Z [B:::] + '{} C.:'.: -1 L(]’n;n)‘f an] € (m, T\,D).‘-"‘ 0
(I1-27)
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After equating the coefficients of E(m,n, o) to zero and using
the identity,

raé*

(1
2 4| Jua Emyn0) i.?;“ ~ia(m- &) |J, Pm-k, n-2) E(m n,0)
fa ] T i am-0)

the coefficients A, . Amyn . B, and B, are found to be

Ama’ =0

ma) = &Ta.(m-k) C:e) P(m=-f,m-¢)

Bimn = —2iBY P(m-yJ, m)
B =

EL [fan-0C,) +281 beke) Pek-) ¢)) Plm-te,

n-4£)
(I1-28)
)
where C::_ can be expressed in terms of Bn.m through (II-22) giving

u) )
Cmin - an Br‘r‘m /BCM,n)
(11-21),

Hence, the field components are obtained by substituting (II-28) into
Ex = - ZﬁfrnZ',‘ E(m, "'Z‘)Eé (m-k)L & (M, 1,4, L)
E} = 21 etp[-if« 1] ‘u‘wgarz -—szw); E(m n,z)[zP(m-D,n)
t X {a.‘cn-e)z—L‘c«,e)}Q(m,n,k,D]
Ea =207 Z [Em n2)/bmm)] [{anP(m-Ym)

+ %IL ia},{(m‘f n - mk-nd)-anb (/Ie,UJ

& (m 4, ¢)]
(I1-29)
where Q(_m,n,b,t) = P(k'), ) P(m- &k, n- 2) /L (k, £)
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The average and the mean square value of the field corresponding
to a random non-periodic surface can now be determined using (II-29)

and the statistical properties of the surface.
Thus,

(B> =0
CEyy = 20 ep[-iRelx] dinprz

;3.2 2
+ 26Y EQ),0,2) gifzft—)%dbu]lﬁ W(ek-a) af)

— pLif (<2 -rz)] ~ sap[-1gcx +r2)] - 4

_ZF{:JJL(:JS [I—E:.;.ygj N(/L-fd,.g) }

<Eg> = 0

(11-30)

where a_ \)

"
Ry

>
i
s

Lo

1) ‘ z
[ﬁa- LL- S“J /)_ , g > Al‘_s
. ) N : L
{ =i [ +5t- 6] )y BT o<p+s
In going from the summation to the integration, L was assumed to
approach infinity.
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Clgff> =0
<] Ea - 20 2ap [-igoe] smprz >

= 4PrZ, Elmn2) L2 Plm-dn) Pe-), 1)

2 _ 7 2 _ >
- 4pr & L zeth0] T W ak- ), al) /L

—~ age [ f s e Wo-gx,5)/4

where ‘f(‘l; e) = [(,(:ﬁ,@) - b*(’k) 2)
= i 0 , et < 57&3

2] 2 +olpt _p‘] A , IS

m w -24 .2
<[> — pr fx e § Waig)
N +4 -..M..,g yaTYE
(I1-31)

Other generalization and special cases such as the case of a
finite conducting surface, the question of surface waves and a vertically
polarized incident wave are also included in Rice's work.

It is interesting to observe that the notion of small perturbation
is used in determining the coefficients A,.,, . Bn n . etc. In fact,
Lysanov [1 955] showed that the results obtained by Rayleigh method
and that of small perturbation are identical. However, in some specific
problems the perturbation method may prove more convenient from the
computation standpoint. The results of Rice can also be shown to be
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the same as obtained by the perturbation method [Mitzner 1964] . An
approach which is similar but less approximate than Rice has been used
by Schouten and Hoop [1953, Kur‘yenov [l 963] and Lapin [1963.

(iii) Integral equation method

The basic features of this method are as follows. A solution
of the wave equation for the half space Z » z(X) is written by means
of the Green's formula. The boundary conditions on the rough surface
then lead to an integral equation for the field on the surface. It has
been shown [Meecham 1956; Lysanov 1955] that for a sufficiently flat
absolutely reflecting surface on which the boundary condition, 4’ =0,
is satisfied for Z = Z(x) , the integral equation can be solved
approximately. We sketch below the approach of Meecham[1956].

In view of Figure II-4, the field at a point, P, is for a one
dimensional surface

wP) = dp)+ f (40 HOckisy) - Wk 0004 1
20)

where é; represents the incident wave;

H:’ , the Green's function, is the zero order Hankel function
of the first kind, appropriate to a two-dimensional problem.

n,, are the unit local normal vectors.

T . n‘
}n @)
452 -
w fa \ 260
ds, Gy
Z * P

Figure II-4
Diagram used to describe Equation (II-32)
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By allowing the point, P, to approach the surface point, (1),
and utilizing the boundary condition, ¢ =0, (II-32) becomes

b =2 H%n _BB% 4,

=1 v 39e)

= o H -X,[) + KL, 2, ds
4‘ (Za)[ (] (k'xv[ x'll) ( L )] a’nz 2 (II-33)

where K(’C,):(Q)= Ho‘” (‘k B8 —}cl ) - HOU)(in,'xz') and the

angle K is defined in Figure II-4.
Under the following two conditions,

z" 2
( ‘ix ) << {
and kz" < § , Where k=2r/A,

K ( %, ,X;) will be small so that the method of perturbation applies.

", d 2" represent the bounds on Z,(x) and % respectively.
Let ZE

- [ 2 ¢G)
"4‘((11) Lo 7( (1;.) 97‘1
40 ¢;(1)

Note that K (¥i,x,) is of the first order while H:)(lel)g -%,|) is of the

zero order perturbation,

F)

Assume in accordance with small perturbation theory that "f"(l)

can be written as a series of terms of different orders of magnitude, i.e.

V) = ¥Wa) + Y0 + ¥+ (11-34)

Define Cea X (2,) by the relation,
48, = A2, [ endets).

Then, the following set of equations hold,
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o
H Chl, -1af) YOty 41, = F@)

HY klg- 1) V) 41, = - f Kty 1) V%) 44,
(.4

H (ki o) Vo) dts = f K1) ¥ i) 4,

*

(I1-35)

This set can be solved by a method due to Levi-Civita [1895] . With
Y1) found, the problem is solved.

It should be pointed out that like the previous two methods,
the vertical roughness is required to be small compared with the wavelength,
but unlike the other methods, the horizontal scale roughness is restricted
only by the condition, ( %")z << | . Hence, it has the advantage
over the Rayleigh method as well as the perturbation method in that the
error incurred through its use is of second order in the sl_ope of the
reflecting surface while for the other two methods it is of the first,

2.4 Case of surface roughness of assumed shapes

In this case the scattering problem is treated by assuming that
the surface corrugations possess simple shapés. Then the problem
becomes a boundary value problem that can be solved either exactly
or approximately. The main advantage in such a treatment is that it
facilitates a study of the transition from short wavelength to long
wavelength conditions and in some case exact theoretical investigation

of polarization problems.
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(i) Twersky's method

A method of determining the reflection coefficient, R, and the
differential scattering cross section per unit area, ¢ , of a random
distribution of arbitrary bosses on a ground plane was devised by
Twersky [1 956] . The analysis is based on a Green's function form-
ulation of the problem of a single boss; R and ¢ then follow from an
approximation of the ensemble averaged energy flux which takes account
of multiple coherent scattering. The final form of § and R were found
in terms of the scattering amplitude of an isolated boss, their average
number in unit area, and the given incident wave, Explicit expressions
are obtainable for arbitrary hemispheres and circular semi-cylinders.

For the case of a single boss consider the two dimensional
problem of the scattering of a plane wave by a cylinder parallel to the
Z - axis (Figure II-5).

. ""lr
e
o, 4)
B r
LR
& 7 - ¢
Figure II-5

The solution to the equation
(v* + &%) W(K) =0 (1-36)
VZ = 9*2 + agl
k= at /n
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is sought subject to prescribed boundary conditions on the cylinder's
surface. As r —» 2 the scattered wave should vanish and ‘\P’,

therefore, reduces to the incident plane wave,

ik : )
'\k(.!:,o()= e L CoaoC + k&ma(
e iR cos (Y- )

1

where rz = x2 + y2 and Y = tam-l(y/x). Also, the two dimensional

radiation condition requires the difference, u= ’\If - '\-l-', ., to be an
outgoing cylindrical wave, Thus,

'\V(Jl) = V(L) + w(r) (11-38)

where W (X)) is the scattered wave. Recall that the Green's function
for the two dimensional problem is the zero order Handel function of

the first kind, H:n orse and Feshbach] . Now, apply Green's
theorem to W(.) and ¢ H,")(k)!:-r'l)A,; r(rnyand r r', ¢t) label
a field point and a point on the scatterer's surface respectively.

Integrating over a volume external to the scatterer leads to

Wik = ;'{jg[Hi"(km—,di) W= Feeha s -] 44
For convenience we use Twersky's notation and write (II-39) as

wee) ={H (hic-ro), WL} (11-39)

where the integral is over the scatterer's surface, and n is the outward
normal. (Note that { H"” (k)£ -.0']), ¥ L)} =0).

In the far zone, the following approximation holds,
) » % " . ]
HO k(L - &) ~ (2/tnkr)™ sap [tk - ike'eo ()]

WeL) ~ Hekr) o)
where Hr) = (2/itkr )" e.kr

J) = [ gk en s ) e, €0}

Since scalar wave is being discussed here, one can use an
image technique due to Rayleigh [1907] -- who showed that the field
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scattered by a circular semicylinder protruding from a conducting plane
under an incident plane wave equals the field scattered by an entire
cylinder in free space illuminated by two incident waves: the originally
incident wave and its image with respect to the plane. This technique
shows that the scattering amplitudes of a boss on a rigid (+) or free

(-) plane x = 0 are (For the analogous vector case see Twersky, 1957)

folym-) = FP &) F Fep n-) = fy (T-F, %) (11-40)

Thus, the total wave functions for the boss problem are given by

Ws ~ Htkr) {1 ¢p, 7- «) (11-41)

If there are various cylinders distributed along the plane x= 0
with their axes parallel to the 2 - axis, then the total field can be

assumed to be a plane wave plus a superposition of waves scattered
by individual cylinders, i.e.

()= Y + & Us(h - )

= VW) + Un)

[} 4
where U (L=~ g4s) = [H (k|C-41), B(fs ) } i
é(&s)is the total field at a point Y on the surface.
Consider as before the far zone case. The asymtotic forms for
U, L) is

(11-42)

Uge) ~ HKkD Gy (Y, )
G, (4, %) = {e—?kr'CofJ(‘f'_‘f)) é(ié,oC)}

where G Lo the "multiple scattered amplitude of cylinder 1 of the
configuration, " is a function of the positions of all scatterers because §
is the total field including effects of other scatterers.

For a single configuration, the total time averaged energy flux
per unit area divided by the time-averaged incident flux den‘sity is
according to Twersky [1957, 1959, 1962]
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S0
]

R [ ¢ 1)

Re[E*vd/ik]

(11-43)
A
where ' = [ / r , a unit vector.
has™
Re denotes the real part.
* denotes the complex conjugate.
The ensemble average of the reflected part of é , § r . is

then found to be El‘wersky 1957]

<$r7 = R 4o, ) &, +U <T|f§aff|) § dfs dz,  (@-49)
Kl &4

2 2

3 r -r
egen, sebD

I - 1x|
where é&f and ko are the directions of incidence and specular
reflection, and where »§\ is a unit vector from a point on the distri-
bution [ to the observation point [, . The function R is the
coherently reflected power density, and ¢ (S , &; ) is the
incoherent power scattered into unit solid angle around é by unit
area of surface. For a uniformly random distribution of identical bosses
on a free or rigid base plane, the following expressions for R, ¢ are
obtained on neglecting incoherent multiple scattering,

e<@'.,_@z>=];—j§—{" , z=ﬂf’kf<%»:§:)

0(S, k) = ::. 'f(f_)i;) Ilz

(I1-45)

where P is the average number of scatterers in unit area and k = 2R /5 ;
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.t is the unit vector in x - direction. Note 3‘ ( @v , jgj ) = 3‘ (¥,n1-K)
since either &, '!g‘«' ror ¥, -K can be used to denote the
directions of incidence and reflection.

Equations (II-44), (II-45) give results in the general form where the
exact form of f ( &+, & )isnot known. For the particular case of
semi-hemispheres or semi-cylinders with large separation distances
between them, the specific form for j- ( j& . _&o ) can be found
[Twersky 1957] . This method then allows us to take into account
multiple scattering and permits exact theoretical investigation of
polarization problems.

Though not mentioned in the above brief survey of the concept
used in the above method, this method allows investigation also of
the transmission problem of a random screen. It can be extended to

treat distributions of non-identical scatterers [Twersky 1957] .

(ii) Deriugen's method

Deriugen [1954] investigated the problem of plane wave scattering
from a periodic surface with rectangular grooves. His method of approach
is as follows: the region containing the grooves is treated separately from
the region above it; solution to the wave equation is then sought in each
region and these solutions must match at the imaginary plane boundary
between the two regions. This matching at the boundary leads to an
infinite system of linear algebraic equations for the amplitudes of the
scattered waves. This system of equations is solvable by the method
of successive approximations.

In order to obtain a solution to the wave equation in the region
containing the grooves, the groove must take on a shape that fits into
a separable coordinate system so that the method of separation of
variables can be applied. For the case investigated by Deriugen, the
general solution in the region containing the grooves will contain plane
waves traveling in opposite directions; while the general solution in the
region above will contain plane waves either propagated or attenuated
in a direction away from the surface, if the incident wave is not counted,

Such an approach permits investigation of the field distribution
at the mouth of the grooves [Deriugen 1953] and the phenomenon of
surface resonance which occurs when the period of the rough surface is

about an integral number of wavelengths,
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2.5 Exact solutions

The exact methods to be described here result in very complicated
expressions that require high speed computers. These expressions,
though useless in providing an indication of the field variations due to
the change of a particular parameter, are useful for checking the
approximate results obtained by other methods and, of course, are
valuable for cases where no approximate methods apply. The essence
of such methods is to solve exactly an integral equation that results

from the boundary conditions.

(i) Marsh's method

By starting out with a plane wave representation of the scattered
wave in integral form, the unknown generalized spectrum of the scattered
wave is determined by expanding it in a power series in & , the rms
surface height, and the coefficients involved are then found through a
theorem of Wiener in generalized harmonic analysis. This paper by
Marsh is quite short and we shall follow through his mafn development,

Consider a plane wave incident upon an irregular one dimensional
surface, Z,(x) , on which the wave potential vanishes. Then the
boundary condition gives

twt ~ik ]+ {wt
ac,z) e’ + e facx ¢ vzeol+ it 2 o

(I1-46)
where W is the angular frequency of the incident wave;
k is the wave number;

« . Y  are the direction cosines of incident wave normal
withrespectto . , 2 axes respectively;

3' (X, 2) 1is the scattered wave except for the time factor.

Now assume a plane wave representation for 3,(1 ,Z ) as
follows

- -
3-(% Z) =f e 3 Ts) 4G (A) (I1-47)

where § = ka 65 =RZw) . N+ JE= 1, o< mg,»lo-[ ;
G () is the generalized spectrum of a (%, 2) .
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The combination of (II-46) and (II-47) gives

- (E + ¥ - -
o E+¥GS) =f o (At - Vag) Lo (11-48)

for - < § < @©
The problem now is to determine G(\) which is assumed to

take the form,

Substituting (II-49) in (II-48) leads to

-((xE +¥rcS) “IONE —
_ e =f e:cxg Jog) £ ot LA

—{OCE © (~¢ m —;)\ R n
- ¢ Z‘(—I—g)— a"” ={ e ;i'f%)a'"gaedf\ga)‘

0 m |
—(oE , o m o m ~IAE . gy
s m !
S o-erErsen 3 OF [T g
m=p m! ms0 nso n! m-n
Equating equal powers of leads to

qwfc_‘_rs__f Z, -425 ‘L—LMM 0(7\)_’ 0 (II-50)
nwQ
Equation (II-50) constitutes an infinite set of simultaneous
linear equations for the determination of the A, (A)'s. This set can
be solved by using the following relation according to Wiener[ 193?;]
which gives the generalized spectrum in wave number space in terms of

that wave as

o b (1 (€) AS
G(A)-mm[L +f]3fg g
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L (! | - e f
+ -2—7[—'( a»(k') T d{
3|
= w{gm} -
Thus, for m = o0 , (II-50) gives
ew"E =-f eﬂxS dA, (A) (11-52)

Note that (1I-52) takes the form of (1I-47). Hence, by (II-51), A,, A)
is found to be

A, r) = - N f e‘mg} (11-53)

Similarly, Am is found for m »o0 to be

- ey O =AE 1y )"
Am(>\)=-W{e Q’%L}-é' N{fe EL:—:"QAAM_,Q,)}(H—54)

From the above two equations the Am's can all be determined.
Consequently, G(A) is known.,

The same method can be extended to the case of mixed boundary
conditions and three dimensional problems, The final answer is in the
form of a series of integrals operated upon by the operator defined in
(I1-51). Thus, it is clear that the expression is quite complicated,
but numerical work is possible [Marsh et. al, 196]] .

(ii) Another method

The Helmholtz solution to the scalar wave equation gives the
total field at a point above the surface, S'. As the observation point
approaches the scattering boundary, an inhomogeneous Fredholm integral
equation of the first kind is obtained for either the Dirichlet or the
Neumann problem., A series solution in terms of a complete set of
orthogonal functions is then possible for such an integral equation.
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The formal solution for the scattering of a scalar wave by a
surface, S', may be derived from the Helmholtz formula to be [Strutt, J.W.
1949

= &. 4 1y 9GCP,SY) 1y O ucs') '
$(p) ¢tcr>+4r,g[uns)?;.~ Gepe) 26 s

where G(p,s)= eikr/R is the free space Green's function. W{s') and

@ (P) are the wave potential functions on the surface and at a point P

in space respectively. ' isthe unit normal on §'; $; ; is the incident
wave. On the surface, §', for Dirichlet problem it is assumed that
W(s') = 0. This corresponds to a free surface or pressure release
surface in the acoustical case or perfectly conducting surface in the

electromagnetic case. Then (II-55) becomes

] (s' ' -
where S now represents the observation point on the scattering surface
(8, ., 8., §5); and 8' the source point on the scattering surface
( g" , g; . 53' ). Let the mean surface fit into a constant surface of
some orthogonal coordinate system. Then dS' can be written as

' v ,
$AR[@ RV RS T

where the {;'s are the scale factors. Hence, (II-56) can be written as

HOE :;';[- fGCS,S')\PCS')ﬁ,f; dg' 4] (i1-58)
where o sab(,(s) & 2 S
' = ! >3 a
CS) [( +(.K3 ag ’]

Let gn( £, . §, ) be a complete set of normalized functions orthogonal

over the region of integration. Then the following expansions are possible

GCS s’ ) Z Ln(fl) EL)JO (f:) Ez')
N | ! (I1-59)
W6 = Z Cugms E)
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By substituting (II-59).into (IT-58) and integrating over S', the following
expression is obtained

$.(s) = T’ﬁ 5 Co ba(5i, ) (11-60)

The problem now is to determine Cg's. If Ln (%, . %.)isan
orthogonal set of functions, the €, 's can be easily found by quadratures.
If not, let u‘, be the orthogonal set of functions constructed from the
set, by, by the Gram-Schmidt procedure [Courant and Hilbert 1937]' .
Then 4>‘- (S) can be expressed in terms of lk‘k also., Thus,

¢5C$)= %Q%u% = %Q%('éo Len bn)
=L 5cob,
m = (I1-61)

where K4, are coefficients obtained from the Gram-Schmidt

procedure and a‘" = f g ?Ics) ds

Hence,

Ca = 4T % CL? O(fn (11-62)

(An explicit expression for the & ".n is derived in Morse and Feshbach
[L9s3]).
Thus, the integral equation is solved., From the method of approach,
it is clear that the same technique would work for the Neumann problem.
This method is simpler both in principle and in the form of
solution than the Marsh's method. However, such a series solution is

equally non-informative and numerical means is indispensable.
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CHAPTER III

A THEORY OF BISTATIC RADAR RETURN
FROM A STATISTICALLY ROUGH SURFACE

3.1 Introduction

A theory is developed here for scatter in any direction of an
electromagnetic wave incident upon a statistically rough surface such
as the ocean surface or any uniformly rough natural terrain. The
Kirchhoff-Huygens scattering theory is used. The surface roughness is
described in terms of a Gaussian distribution of heights about the mean
surface and an exponential autocorrelation function of height with
distance. A unique feature of this development is a coordinate trans-
formation that permits exact evaluation of an integral without the
approximation of the autocorrelation function required by techniques of
other workers. The terms, which involve the partial derivatives of
the surface and have so far been ignored either partly or completely in
radar return calculations, are all evaluated. It is shown that these
terms give significant contribution for angles of incidence starting at -
about 20° for the backscattering. It is also shown in the derivation
of the Poynting vector that these terms do not result from the artificial
discontinuity of surface currents around the edge of the illuminated area.

The results have been specialized to the backscatter case, and
compared with lunar as well as earth observations. They appear to fit
the data over a wider range of angles than previous theories glsakovich
1952; Daniels 1961; Hayre 1961; Hughes 1962; Hagfors 1964

To simplify the results to be derived, we make the following

assumptions:
(1) The surface is perfectly conducting

(2) There is no overshadowing of one part of the surface by
another; there is no multiple reflection.

(3) The incident electromagnetic plane wave is reflected at
every point of the surface as though an infinite plane wave
were incident upon the infinite tangent plane at the point.

(4) The random surface Z(x,y) is continuous in the mean and
differentiable over a finite region D,
Except for the tangent plane approximation, other assumptions
are not inherent to the Kirchhoff's method [Beckmann and Spizzichino
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1963] . However, the resulting ease in obtaining an answer is greatly
increased. For a. discussion on shadowing and multiple reflection see
Beckmann and Spizzichino, 1963; Bass and Fuks, 1963; and Beckmann,
1964.

3.2 The scattered field

Let us assume a time variation of the form, e th, for the
incident wave. Then the scattered field at a point P from the surface
Z (x,y) becomes (by the scalar-vector analog of Green's theorem
[Unz 1958] ), except for the time factor,

:w/.

the scattered electric field

Es =—%’,{i£[6(axw- l—(n-E)ve] 48 (i1-1)
r

where Eg

G = -lﬁ-exp [-i k r], the Green's function
g, .'i = total electric and magnetic fields
W = angular frequency of the incident wave

permeability of the space

=
I

the illuminated area

=
i ]
0

N , R are defined in Figure III~-1
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Figure III-1
The incident and scattered waves

Now if there is a boundary line between the illuminated and
shadow regions, the current distribution is discontinuous across the
boundary. Thus, for the fields to satisfy Maxwell's equations, a line
distribution of charge may be introduced along the boundary line so
that the source density functions will satisfy the equation of continuity.
Assume this is done. Then for the far zone field, (III-1) becomes [see

Figure 111-1] )

:w -zkk. : '
B =-k ¢ ff [mxﬂ—‘w—flrm-é)&Je&ﬂs
A

= M jé H- L J (111-2a)

where f_. is a unit vector in R. direction ﬁ_: £ @o and the line
integral is along the boundary of the illuminated area.
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Further simplification by means of Stokes theorem and the

tangent plane approximation (the details are found in Silver [1949] )
leads to

; ~ikR iReL
£ o_iwpm JifR . - £
=s =T vk Aimﬂ‘ [(axH) o] &)e dS
: r

where !i : is the incident magnetic field.

As we shall see later, the second term in (III-2b) drops out
in the Poynting vector expression, so the additional line integral
introduced has no effect on the scattered power.

In the far zone, the scattered electric and magnetic fields are
related through

]
He = A Re X Ej (111-3)

where ﬂ) is the intrinsic impedance of free space.
Hence, from (III-1) and (II1I-3) we have

.keo :k'r
H, =- 9 o Rox (N xH!)e™™" d4g (11-4)
wa S z;t_f;) AM

r

3.3 The scattered power

If E is polarized in the plane of incidence, then
ti. =\i Ho ld/r[l'k(id;wo( +ZCﬁ0()J (I11-5)
The Poynting vector is by definition
+

P = +R (ExHY)

+ R —:—35— e_;k& (nxH: =[cnxHe)RIR e

2 21'R, , - e “~’J

r

’ ' ¥ ~lRes
g B e ]
AD

ke

L

48
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In view of ([II-5), it becomes

1 2,2 u"ﬁ&'-ﬂ-'k-_{‘
£ -2&[%IA[QXd,‘[(nxd.)°£-]&'} e ds

r-

‘.é '—c‘ or
X Re x(n'xH,) e S-ifer ds‘]

E%“‘[KU ([ e telns) - (vt [caxsi e T .

"[mxﬁ,). Re =~ ( nxz;l.)-,@.]] (..Q'xﬂ.)}
u,f[:t%'ac-c'ﬁ .‘&(s-x‘)] 4 43']

= Zl &[K g [Caxto)-(nxtlo)-(n'ved-R) 2 Xd-'ﬁ')}ﬁa

sp [k (£-g') +ik(s-5))] d“’s'] (t11-6)

where § = qu-.f.chcc
K= —— s
7 (2nR.)

To express in terms of the surface, Z (x, y), we note that

dS=[ 1+ 25 + 2, J% dxdy

no=(-2,2-2F+8) [0z 2704
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Ri = -2 motingd + Janbdcod +2can
I = Qi+g3+2z
Ho = §H,

(I11-7)

where the quantities with a caret are unit coordinate vectors and 2Zx,
Zy are the partial derivatives of Z(x,y).

Thus, using (III-7) we can write (III-6) as

P=3 E‘{K H:fmﬂ'zxf -2,§ +2)x§T k2,220 1 2)x])
, [g,-(-zlﬁ—za% 8% (& (-Zu2-2, §+2)x3]
sip [ik-(o-r) +ik(z-59)] 4 dy 4’ da'}
=L ;a{ KH [//f ((ZuZo+1) ~[6546 sinp - 7 e8] [sinsiting

- Zo Cné]} oapife(L-0) + 4(5 - 59)] duar'dy ‘J}
=3 R {KH:W [(L- 000 28] + corpambom (ZutZu)

‘ (R(E-%¥')
4 A4m* szz'] et “ Y a,'g'}

(I11-8)
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where £ - §' = (sinK - sin® sin¢g ) (x-x') + sineé cos ¢ (y-y")
+ (cos e +cosX ) (z - z')

Our interest lies in the mean value of the Poynting vector

To determine it, we shall make use of the Karhunen-Loéve theorem in

the same manner as was done by Hoffman [1955] . This appears necessary

for the evaluation of terms involving the partial derivatives of the
surface. The theorem states that a random process defined by the sample
function 2 (x,y) continuous in the mean on a closed set, D, has

on D an orthogonal decomposition

-L
Z(xla) = w.zn -)\m:; “fmn cl) 3) z‘mn ) Lx‘a) éD
with

[ functg) g5 o) Adg = Smp Sy
D

Zwn Zpp = Bmp 5"3 (11-9)

if and only if the -)\mn's are the eigen values and the ‘-fmn (x,y) are
the orthonormal eigen functions of its correlation function. Then the
series converges in the mean on D uniformly. The bar in (I11-9) denotes
the mathematical expectation. (A proof of the theorem is given in
Appendix 1)

By the theorem abave, an expression for the autocorrelation
function of Z(x,y) in terms of the eigen functions can be found,

Py L,y')=[Zwg) Z(L) 4]

= n;n k:m L“’mn ("’3) (f"m (X 6")

(III-10)



44

Let us now assume Z(x,y) to be a stationary Gaussian random
process with zero mean over the set D. It then follows from the theorem
that
1%

N
3
3

L}

T o { (I11-11)

Note that the Z yn's are Gaussian random variables, since
we assume Z(x,y) to be a Gaussian process[Loéve 1955] . With the
above theorem and (III-10) and (III-11), we can obtain the relations
below. (Details are found in Appendix 2)

Lap [ thB(2-2")] = l/x,i:[- ko8 0-r)] (u-12)

2, wff?'kB (z- 2] =«'4eBGZ—§—E' M/f[" kl‘flﬁz(“fﬂan-ls)

Zgoap [ 48 (2-2"] =ikBa" g; sp(- ko B (- r)] W-14)

oyt
. /wf [~ 4226181(' - ")J (I11-15)

where r is the autocorrelation coefficient, u= x'-x, and B is a
function of angles to be defined later.

Applying (I1I-12) through (III-15) to (III-8), we find the average
value of the Poynting vector to be

B o= K'&MI[A.E:M&JM Coox) (2 =2")

ik (en b +end)(2Z-2')

ZyZy ML?[HEB(Z-Z')} = - {a'z & + k2¢48"( ”j:{'")x}

+ B'(Zx +Zyg) e

(hk(Cr8 +en)(2-2")

+ Oz 2 e ] de dy 42 Ay’
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SRR ke

2 sk:.a,z.Bz(‘_r)
-'c*[25 + &' (Y )1]) e A2 dy da dv

(I11-16)

where K, = FKH' = ol
° Y

A= (1= amPGamid) e

"

B' din 6 R 6 4o e’.éd

den 8 e i

e
[

)= - (@«-Mequ)u-o&w Cagp v

B= €616 + gl

ve ¢ -4

U= -
_ w* u*
K 47&”@.)1

3.4 Radar echoes

As an application of (III-16), we consider now the problem of
radar returns from a homogeneous statistically rough surface. The
assumption of a Gaussian distribution for Z(x,y) about some basic
plane is a reasonable one[Hayre 1961; Daniels 1961, 1962] . For the
case of a pulse radar we assume in addition the following:

(@) The variation of the angle of incidence, of , over the
domain of integration is negligible.

(b) The radius of correlation is much smaller than the dimensions
of the illuminated area.

(c) The change in S [see Figure III-1] over the domain of
integration is negligible so far as the factor 1/8 is
concerned, but it's effect on the phase is taken into
account.
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(d) The illuminated area is pulse limited.

Since we are going to integrate over the illuminated area, Ar,
it is convenient to express the average power in terms of the variables
S and ¥ ratherthan x and vy [see Figure III-Z]

T

X
Figure III-2
Geometry of the radar problem
In Figure III-2, we relate S8', y' to S and ¥ by
S'=¢ +t '=vr+¢ (I1-17)

We also have from Figure III-2 the following

X = P o =8 sk o d

7(_’ = f'd-‘:vv¢‘ = ,SIAP‘YLO(‘4‘:*\/¢'
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4= Pemp = §dnd e
§' = Pt = 5'om g’

The use of cosine law gives the following relations between 4> and ¢

CG'Q#) = Cea ¥ - oy Comd(
At oy A of

oo ' = Caat’ = tud, ton]
Ao o 4ol

It can be shown by choosing &, = 90° and ¢ close to 90°
that the Jacobian of the system is (see Appendix 3)

J = 8§ cee
and

W = -2 2 £ cee

V= og-gs -8y (1I-18)

Observe that in order for ¢ to be a coordinate designating the location
of the beam in the ¢ direction, narrow-beam antennas must be used.
Our assumption (a) about « , of course, must be satisfied at the same
time. It may appear that &« will have to be rather large. Actually,
what is more important is that the dimension of the illuminated area in
the f direction should be small compared wit_:h f. Consequently, it
may turn out that assumption (a) holds for & 2> 1° [Moore 1957] .
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Now in terms of the variables S, ¥ , t , ¥ , (III-16) becomes

P = : 2 ar
P K.&Wf{ A vizke et 2L

S A ks (52 Y )

M,r[ﬂ',rt et +igKY -4?0182("")}

S, el dS A At dy }

(I11-19)
where A, = | - den?f 4,,,,,245
B, = (00 1 Loyl ) 4o CRb dim ¢
Co= ants
P = Kk (emd - 4B Anp)
a = KR onmb tnd
S = the mean value of S

[

The limits on S and ¥ [Davies 1954; Moore 1957] are given by

S,-C—Zt \<S \<So

-@/2 £ ¥ < Bfh I1E-20)
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where 7 is the pulse length, - (3/2 =2 cos-l(h/So).
The limits on t and ¢ [Davies 1954; Moore 1957] may be
approximated as

- < t § o

- s ¢ ¢ @ (Ir1-21)

To perform the integration it is clear that some form of the
autocorrelation coefficient must be assumed. The works of Hayre and
Moore [1963, Daniels [1961] and the experimental results of Evans
and Pettengill [1963] show that the exponential form gives the best
result over the range of the incident angle from 0° to about 25°.
Hence, letting r = #aip [~ ()2 + (tceexx)> /a ] ., where
a is the horizontal correlation distance, we obtain from (III-19) the

following

‘

— £
P = KRe f[ff[ A, - iz/eB.d‘i-%E‘—i'-c— e *

-, 0.z<[t"c¢¢‘o< - tzwfacJ e.%

Q-§3 - aE Q:.Ez.

+ Kotet( Lol e__i_)z)]

i
. MT[_ pteea+ i8¢ -k'a*B (- )]

S oL ds dr At Ay

(Ir-22)

where §L= (8¢)* + (T ceex > .
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To evaluate the integrals in (III-22), we make the following change
of variables

Sy £ o'
tecek = F w8

Then (III-22) becomes

— * ’ _i
Pk ([ff Ca e e o

. _5
_Coqz({/g,t::el_ c,z'-gg'] e a

zz.z.d,;nze' —2_3.—
+ ka’B-T— e

)

, _E
it - k- e )
Socueck EdE do' 48 df

(I11-23)

where '\la

LN ' ’
- 'fMG + 3' Cn O
ka*B*

K

Upon expanding  eap C K l/.ur (~¢/a) ] into a series
in K aa.f(- E/4), we see that the integration with respect to § becomes
a trivial matter. The integration with respect to ©' can be performed

by means of standard contour integration technique by the following change
of variables onto a unit circle.

Cab'= (z+2")/2 , ano=(2 -2 /2, d6'= dz/iz
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The advantage of evaluating the integral this way is that no
approximation needs to be made for the autocorrelation function as in
the works of Hayre and Davies; also, the terms (which involve partial
derivatives of the random function Z(x,y) in (III-8) ) that have been
neglected in the works of Winter [1962] and others are evaluable in
the same manner. (Details of the evaluation are given in Appendix 4)

The final result of the integration for P is as follows (see
equations (6), (12), (18) and (24) in Appendix 4)

_ A, K K" apa
-Kk‘%n—o? € {rx"?ﬂ[; MH"MTQ n,(rx-n'("

B, ) o ) n 3
_KR_{&noc (4:::0( om0 amd (“5\{_) e ) ’:., R }
KoM B (o K& K" / (_n_-i-__ll_@a-s

[T - 20
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= K O((t"%\/eﬂ:n¢) 2 ) .
Re oo TRA Am,ffm%@

")

+2‘ (n=01 (;)2 Gz-s:l

nz|

KR'-[ 811 (006 + Lod) (4onX = ginbarnd) bin D Lo tind
.d-ma(

~ Ofm‘fn@_ q - s K n+ |
+K&[ ‘ WA ,42;1, nl {-_2?2'75_

| -
+ ([@ (n'“)] [%-H-fZQ] "_[QCP %) 7[',,,*'_2&03)

4% \Lagp-ip +) ]
S « N ! ([ R'- Ln+t)'l L[ale-ig)
a,"(,p-n%)z 2 M 04 [ a,.(f-c‘&) @'-(n-u)] )}
+K&[&n‘(w9+u:x)‘o( wilg o K2 K" l
3 e
Ain, K Tz) nZ_‘., N (q'-(ffz%)‘
+ c " ®R'- 72
T-Ta 4@"5([i£?(?:%2;)) (n+2+2R")

. 2
—+ [ é"(.P(-n‘:'?) ‘J] [(n+z) - 2@“])}] (I11-24)
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where K K' K@CT SD)Z/OC = .207 H:(’TSOTI/R:-

[nz. + ach2.+ g;)] Y2

[(nt1)* ¢ - (p*t %.*)] %
[(n-}Z)L + ‘Lz(f&"" %L)] Y2

= k" (emat end)®

R (4m o = o8t )

k 4m B ¢

R
®
R
K

P
1}
k

an [
4Q = half the width of the illuminated area

For the special case of backscattering (i.e. the transmitter
and the receiver in the same location with ¢ = - Mfz , x=206 ),
equation (III-24) reduces to

0 n
- L L ~-K , a K
K52 ¢ 60 2o @

h=[

ns| neo

. © |
+K o enol e«(ﬁ')z[z —-———(n NTR? *Z. al i‘ :;s

L (1R = +1) V¥ e 4 o@
a(p-'t) 1% _ 1)_ n
+[ R'- (n+1) ] [n-rl 2& a.l(p-ti%‘)z'

* 3+ ey e dT))
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+K 1L sonc el @ ( it £ ko { /

= Ml arCpuig)
Mt | R" -tn+1) V* "
2@"5 + 4@0: ([ QCP‘;%) J [(ﬂ'f’l) + 2@]
- 3 "
+[£(f(n+%l; ] [n*' 2R ]) } (I11-25)

where now @ = [n*-l- QZ,PA.J /2

R'= [+t +2pr]%
R'= [ln+2)yr4arp)te
K= 440" e«

p = 2kt

It is seen that the first term in (III-25) takes the same form as
obtained by Hayre [1961] except for a constant that appears in the
denominator. We believe that this is due to the fact that Hayre made
an approximation to the autocorrelation coefficient before he performed
the integration.

For the case of the forward scattering along the direction of
specular reflection (III-24) also applies. However, since both p and
q are zero in this case, limits must be taken. Thus, with o = @ ,
4> = N /2 and letting p,q = 0, we obtain the following (see
Appendix 5)

= < Lol -Kr 2 & K"
K € TR‘ +<.%')Z' 2 ]

b X l n=] Nn* nl!
+R & oot (LY S K n
A nso 2n!  (n+1)l

n=o 200 (n+2)?
(I11-26)
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The equations obtained above for the mean power are not only
complicated, but they also take on the undesirable form of an infinite
series. This series can be eliminated if K is sufficiently large. For
then the autocorrelation coefficient can be approximated by

sap-8/a] = |- F/a

Integration of (III-23) then leads to the following expression for the
averaged power (see Appendix 6)

P =K Re |X(1-0b0i¢) («. K
i Al pd

K R {en of (06 + uxo()(woc G B 4P ) din B CrBdan

o
(55) 4
+KR‘L[°(/JAW9 )2 4153 ([:(;_%) ]4["('*25
+[%?E;_;%')_]l[l<'—2pl]> + _2_’3;_
(12585 + [T

+K R&[KOCGT:( (7\ )z {— K* +4l..3([—'(‘+ .D” ]Z[K“+215']

+l_ Q(E-I:E)]z[ K»l - ZDN )}J
_Kn + Dn
(111-27)
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where K = 20) Hoch S, 1 /@,z

D = [K* tai(pregn)]™
D= [k 2yt g1)] R
D= [ KT (e g0
K'= K+ |

K'=s K+ 2

K = &*¢? (o t 4ao)
P = k(tend - drp derd)
% - k 4 b cnd

The special case of backscattering now takes the form

—_ et 2 . 2
P =K ien” deod fagy I + 2K den o AR’ _X_GQ; ET

+R Lo (~§’\'-)2 {— 2';',3-# 4:53([ D;:PK' Jz (k'+2D]

\ [ﬁﬂlfk"zd]>+5—lg+4—'ﬁ([ Dla:;‘ }1[ D?'fk' ]z}

~2 ' 2 4 " L ' :
+K 167 s s o e’ (L) {_ 2v<ﬁs ‘L4'133([ Dd.fK J(“ZD]

)
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where now, D [ K+ szz ] %
D = [K‘l'f“ll/f’;]‘/z'
D= [K*+ 2]t

K= Hie® epo

K= K ¢+ |
K'= K2
$ = 2 boen o

For the case of forward scattering along the specular direction,
(III-27) reduces to

= « a)
K (4Tt tv o A ( )

e e e )

|}

\
£ () (Lo gy(-E - an)]
. 2 )
(4m*e g edd '@ K K
(I11-29)
This result indicates an increase of the reflected mean power with the
increase of the incident angle. Such a behavior checks with the experimental

result of Taylor [1964] .

3.4 Comparison with experiments

In Figure 3, 4, and 5 curves are plotted using (III-28) for
comparison with the experimental results of moon returns obtained by
Evans and Pettiengill [1 963] and Lynn et. al. [1964] . The experimental
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curves of Evans and Pettengill are obtained using circular polarization
and the results given here are for vertical polarization. Thus, the
comparison is not meaningful when the angle of incidence is too large,
say, over 45°, Comparison is also made with earth data obtained by
Taylor [l 959] in Figure 6, Dye [1959] and MacDonald [1956J in Figure 7.
It is seen that there is a very definite improvement over the works of
Daniels [1961], Hayre [1961_] and Hughes [1962 ] This is due to the
contribution of the second and other terms which prevent the too rapid
drop off at angles of incidence from about 20° on.

It is interesting to observe that by combining the integrated
results of the first two terms in (III-28) approximating D' by D,
we obtain a term of the form (Appendix 6)

| of (1t 3 A ol 1
(4] 6 & cn [ o+ A ]
where A= [—"‘A—]z .
4w q?
This term has the similar behavior as the results of Beckmann [1963]
and Hagfors [1964] for that range of & for which awm’( << { . It
is important to note that the rest of the terms in (III-28) are not negligible
when o % 30° (see Figures 3-7).

In all the Figures crosses will be used to indicate the final
theoretical results and circles to indicate the theoretical results with
contributions from terms higher than the first derivative ignored.
Parameter values are tabulated in Table I.
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PARAMETERS TO FIT VARIOUS DATA
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EXPERIMENTER | 000 OF WA"gI‘f)N GTH | p- ‘-——HT)\G‘ :
Evans Moon 3.6 20
Pettengill Moon 68 133
Lynn et, al. Moon 0.86 3
Taylor Smooth Concrete Ka 13
Taylor Smooth Asphalt X S
Dye Ocean b4 300
Macdonald Ocean 24 20
.
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CHAPTER IV
SOME PROBLEMS ABOUT THE RADAR SCATTER THEORY

4.1 Introduction

The results of the comparison between the theory and the various
experiments in the previous Chapter bring about a number of questions.
First of all, the statistical parameters of the surface appear to have
a frequency dependence. Experimental investigation also bears out
this fact [Evans 1962]. The conclusion arrived at by the experiment
is that radar measurements yield information only about the presence
of irreqularities on the surface that have sizes ranging from less than
one to tens of wavelengths. Structures which are considerably smaller
than the wavelength may never be detected and large structures may
be examined only if they are not covered by smaller irregularities. A
general theoretical proof of the above conclusion is as yet lacking, but
for cases where Kirchhoff's approximation applies it is possible to show
that these measured statistical parameters are, indeed, frequency
dependent and characterize irregularities only of sizes seen at the
given frequency. The true statistical parameters of the surface are
obtainable only when the exploring wavelength is about four times
larger than the standard deviation of the surface. Detailed discussions
on the frequency dependent property will be found in the next section.

As a whole, the moon does not have a uniform distribution of
structure sizes in all directions. Thus, it is questionable whether or
not the fitting of the moon return in the previous Chapter has any
meaning. If, however, the exploring wave has sampling filter effect,
then the result of curve fitting may still be meaningful, since this
requires structures of some instead of all sizes to be uniformly distri-
buted over the moon's surface.

Still another observation that should be made from previous
results is that the fitting of curves gets bad in general after about 35°.
Many reasons are, of course, possible; it may be due to inadequate
description of the surface autocorrelation function; it may be due to some
shadowing and multiple reflections, or maybe it is because of the
depolarization and polarization effects in the case of moon returns and
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perhaps imperfect conductivity of the surface. However, it is known that
the roughness of a surface modifies the scattered field far more than its
electrical properties [Beckmann and Spizzichino 1963] . The effects

of shadowing and multiple reflections should still be negligibly small

up to 50° for relatively flat surface[Beckmann 1964] . The same is true
of polarization[Ament 1960] and depolarization[Evans and Pettengill
1963] . Thus, the effect is most likely due to the use of an autocorrelation
function which does not describe adequately the surface in question.

A discussion on this problem will be found in section 4. 3, where we

see that a more adequate autocorrelation function of the surface does
lead to a very close fit from near vertical to near grazing.

Since the purpose of investigating radar returns is, in this case,
to learn about the surface structure sizes, having an exact theory that
is too involved and, consequently, non-informative is not a desirable
solution. On the other hand, an approximate theory that takes care
only of main contributions.and is able to provide useful information
about the surface may very well be more desirable. Since a random
surface is characterized by its probability distributions and autocor-
relation function of surface heights, the use of appropriate functions
becomes essential,

Besides the questions mentioned above, the size of the illuminated
area also presents a problem. It is clear that while structures large
compared with the dimensions of the illuminated area cannot have signi-
ficant effect on the mean return power, large undulations of sizes
comparable in dimension to the illuminated area will certainly have
some effect, In the case of backscattering, the effect will be seen
to give rise to a lower mean return power, Detailed discussion on this

problem will be given in section 4.5 .

4,2 The problem of frequency dependence of the measured statistical
parameters of the surface.

Many authors[Daniels 1961; Hayre 1961; Winter 1962; Hughes
1962; Fung and Moore 1964] have treated the rough surface scattering
problem as a statistical one and employed the Kirchhoff-Huygens
Principle to obtain an approximate expression for the mean return power,
Attempts were also made to fit the moon and the earth data to determine
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the statistical parameters for the rough surfaces[Hayre 1961, 1963;
Evans and Pettengill 1963; Muhleman 1964] . It turns out that the
numbers obtained for the correlation distance and the standard deviation
of the surface heights or the rms slopes are different at different
frequencies. The question, therefore, arises as to the meaning of
these numbers and their relations, if any, to the true statistical
parameters of the surfaces. In what follows, we restrict our considera-
tions to surfaces with Gaussian distribution of surface heights which
are characterized by monotone decreasing surface correlation functions.
We also restrict ourselves to cases where Kirchhoff's approximation
[Beckmann and Spizzichino 1963] applies.

4.2.1 The effective parameters and their significance

The expression for backscattered angular power obtained by
Beckmann [ 1963] is

D
P(8) e w"ef J,(2k €6) § sap FK (1=~ f©)] LE av-1)
°
where K = 'an(d'/7\)1 CnB
A= wavelength of the incident radiation

k = 2 /A
D = half the radius of the illuminated area

(p (€)= surface autocorrelation coefficient with which is
associated a correlation distance, .

Consider now the case of near vertical incidence. [ For a
discussion of the relation between structure sizes and larger angles of
incidence from the vertical see Fung and Moore, 1964] . Then the
value of K depends mainly on the ratio of ¢ to A . For a given
surface K depends then on ‘A alone. If the value of K is big due
to small A, f (€¢) cannot deviate from unity very much before
pAp [-K (1= f(g))] becomes so small that integration over larger
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values of § gives negligible contribution to the integral. In general,
for any given small fixed € , we can find corresponding to a given
frequency a E', o <&, < D, such that
0 K (1-P(5)]
[Leksors el pelags[ Latorse g ve
° Observe that the value of g, , as defined above varies as
frequency varies, since K is a function of frequency. If ¢ is chosen
small enough, we can write

0 5, ~k[i-p)]
J,(2kge)§ %f[-K(_t- l’(f))]ﬂlf zf T etge) € A (1V-2)

Now, let n? = |- f(gl) . Then ﬂ’} depends on A_
because §, does. Let us define f(g) , the effective correlation
coefficient, as

MAE) + (1-7) = f(f), 0S¥ €%, qy3)
Substituting (IV-3) in (IV-2), we have

D
f Lekzeyg e 1T M

g,
f J 2kEe) € w{o[—g(:- N feg)) - :+7] A¥

= F' Jkse)§ s [- K (1= fie)] A av-a)

b2 (a'/A) co

f

where K !

ag = 0 r/—"_’)‘ , the effective standard deviation of the surface.
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Since @ of the surface is a fixed number, @' depends on
frequency the same way AF;)' does. At the frequency which allow
(IV-2) to hold, the mean power return curve obtained from the experiment
is thus seen to result by (IV-4) from an effective surface defined by ¢’
and f,(¢) . If R'is the correlation distance associated with f,(€),
then ¢' and f ' are the statistical parameters obtainable from fitting
the experimental curve. This must be so since two points on the
surface that are farther apart than §, could not be distinguished.

This then places an upper limit on the structure size that can be
observed at this frequency. Thus, when Hayre[lg 61] obtained a
good fit of the moon data with £ = A and ¢ =0.1A at

A = 68 cm, it is actually ' and ¢ ' which he obtained.

4.2.2 Estimate of g '

Consider the factor, bep[-K, (1= f (g))] which is
unity at § = 0 and down to, say, ’“’f[' b) at ¥ = £, where b
is a positive real number and §, has the same significance as defined
previously so that f(§,) =0. Hence, at § = t,

K' =0"< L

- b b
1= XK (4nd /2)* tn*6

i

Since r] = (G" /a )1 , We get by comparison

g = NEX /(47 ca8) av-s)

If a reasonable range of the values of #xp [(-b] is between
2.5x 10_3 and 3.3 x 10-!1 corresponding to 6 € b £ 8, then at near
vertical incidence, the order of magnitude of ¢g-' in terms of A is

"\
' = 0.21 A (1V-6)

The above relation together with £ ' associated with f,(§) gives
an indication as to what range of structure sizes are being seen at a
given frequency, i.e. it shows the frequency sampling effect on surface
structures. It also explains why a small ¢ to ‘A radio will fit the
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experimental curve while the actual ¢ of the surface may, in fact,
be much larger than A\ .

From the discussions above, we conclude that in general,
the statistical parameters obtained by fitting the experimental curves
are the effective parameters and they do not equal to the actual parameters
of the surface. They characterize the portion of the structures on the
surface that have been seen at the given frequency. The effective
standard deviation of the surface will, however, coincide with the
actual one when the wavelength used is of the order of about four
times the actual standard deviation of the surface. To illustrate the
above ideas, let us consider the moon data at 'A = 68 cm. The best
fit to the angular power return curve using only the zero order term
in the mean return power expression gives a value of 110 for the
parameter, C2 e /(4mat)] z [Evans and Pettengill 1963].
This leads to the relation

{ = 194 a* meters (Iv-7)

The result of this paper shows that the relation should be

= 194 ¢* (IV-8)

Using (IV-6) we get

N 2
¢ =114 ( 02/ x0.68) = 3.96  meters

If, on the other hand, one believes that £ and & are not effective
values, then the following result is obtained for § when a reasonable
value of 1000 m is used for ¢ of the moon,

£ = 114 (QDOO)L = 1{# 000 km

This value of } 1is larger than the circumference of the moon!
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4.3 The problem of angular dependence of the mean return power and
surface autocorrelation function.

Radar returns from terrestrial and lunar rough surfaces have been
explained in part by many theories. As yet, however, there is no theory
that can explain satisfactorily the variation with angle of incidence of
the observed signals over the entire range from normal to near grazing,
although various attempts have been made in this direction [Muhleman
1964; Beckmann 1964] . As we mentioned before there are many factors
that effect the return power at large angles of incidence. Up to the
moment each explanation is given in terms of only one factor; Beckmann
[1964] considered shadowing effect and Muhleman[ 1964]assumed the
existence of effective slopes. A rigorous theory that takes into
account the vector nature of the wave, the depolarization effect due
to rough surface scattering, the shadowing and multiple reflections
and the inhomogeneity and imperfect conductivity of the surface is
definitely lacking. However, it may not be desirable to have such a
theory unless it can provide us with more useful information about the
surface and in a practical way. With this view in mind, we concentrate
on the question of proper description of the surface roughness and try to
obtain an approximate result that takes care only the dominating returns.,

Our previous discussion has shown that the effective surface-
height autocorrelation function is wavelength dependent, although the
actual function is of course a property of the surface alone. Various
observations also indicate that scattering behavior of rough surfaces
has a wavelength variation of A* to A'*Y []'anza 1963]. Part of
this wide range is due to differing types of wavelength variation at
different angles with the vertical. Part of the variation quoted for
experiment is undoubtedly due to nonidentity of the illuminated areas
and to experimental difficulties. Another point that needs to be made
before we can arrive at an effective surface —- height autocorrelation
function is that the effective standard deviation of the surface is angular
dependent. To see this, consider the power returned to Q due to an
incident spherical wave (see Figure IV-1). From the work of Davies[ 1954],

the power is given by
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P :&_G_Ap cot’ 47 (
r PRECYAA “JJMTE_L{ [R-2®Ro6) cm(]}ame

[t (- i o)

(Iv-9)

where Af is the receiving antenna aperture
is the power transmitted

is the antenna gain

is the slant height

is the wavelength of the transmitted wave

NYARA®I

is the random function of position denoting the height
- of the surface

Figure IV-1
Disposition of radar and surface
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Let R'= R +t and @ = 6+ ¢ . Then {IV-9) becomes

Pt G A 2 ; (
=t 3 Ap a4 _ 4m. e
Pr A% R ocmf %f[ > t]uf{ o) [Z(R8) conc(
—Z(R+t,8+¢) C“OC']} AR 46 4t 4y (Iv-10)
To find the mean power, the quantity

hbf{(-mi/&)[ﬂe,e)cm(—zawt)a“p) cm(']} (Iv-11)

must be averaged with respect to an appropriate density function, which
is usually assumed to be Gaussian. It is important to observe that
the quantity to be averaged is given by (IV-11) and is not

“p (4 [2R6)- Z(R+1,0+¢)] G} av-12)

the expression used by Davies and others. However, when the correlation
distance is small compared with the distance required for significant
variation in cosof , (IV-12) is a good approximation; i.e. it is
reasonable to approximate cose ' by cos o . The average of (IV-12)
with respect to a Gaussian joint probability density is then given by

sap [ (-4n/n)" @ e’ (1~ F)f (v-13)

where ¢ 1is the standard deviation of the surface heights and P is the
associated correlation coefficient.

Since the variables involved in averaging the phase term of
(Iv-11) are Z cea o« and Z'cos«' ,not 2 and = .
the product ¢ ceso must be considered as a single quantity rather
than as the product of two unrelated quantities., We define this as

the effective standard deviation of heights about the mean,

g = 4 cnnd (1v-14)
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The autocorrelation function must also be defined in terms of the
effective heights 2z ceo and 2'ceao’' . By definition it is
therefore

Z s o Z2' Conol (v-15)

where the bar denotes the ensemble average. As with the averaging
process involved in determining (IV-13), it is often possible to consider
cos o as essentially constant over the region of correlation, so
that the local average involved in (IV-15) is given by

ZomXZ' Conk! = 2z 2' CLegr

Thus, the radar return is determined by an effective height
above the mean surface and its statistical parameters, not by the
actual height and its statistics. The effective height includes both
the properties of the surface and a parameter of the experiment, the
angle of illumination. For rough surfaces phase coherence of the signal
is lost over a sufficiently short distance so that the bias factor cose
may be considered to be the same for all elements of the population
involved in the local region over which the averages must be performed.
Hence, the averages performed involve the height as the random
variable, with the coso¢ as a constant multiplier.

Application of the theory often involves consideration of returns
from a wide range of angles, either separately or as elements of a
power superposition of random contributions from different angles. In
such considerations, the fact that all measures of height must be
multiplied by cos o¢ must not be ignored. ‘It is unreasonable to
expect a correlation coefficient for Z alone to be effective in describing
the ground in such a theory. In the next section a correlation coefficient

is postulated in which the effect of the cos ¢ is taken into account.

4.3.1 The proposed effective correlation coefficient.

Properties of the surface enter the power return expression
only through the correlation function and the standard deviation. Thus,

any attempt to determine the properties of a surface that will return a
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mean scattered powér must be concentrated on these two quantities.
The standard deviation is a single number to be determined, whereas

P is a function. Thus, a form must be assumed (or determined)
for this function, and parameters of the function ascertained so that
the theory gives the desired form for the return.

Previously postulated correlation functions have involved
simple one- or two-parameter expressions. Because of the wide
variability obtained from most measurements of the earth performed from
aircraft, this seemed accurate enough, although no one has claimed
to have a function that agrees with observed variation of scattering
with angle of incidence over a wide range. The usual statement is
that different theories are called for in different ranges of angle of
incidence.

A popular correlation function, which fits the function obtained
along simple contours on terrestrial maps reasonably closely, is the
exponential P = Odzf [-€ /L ]} . This is a one-parameter function,
for the only parameter is the correlation length. If the correlation
length L is large, the surface structure is presumed to be large.

If the ratio L/g is large, the slopes are small, and the return is
much stronger near the vertical than at angles of, say, 30°. If the
correlation distance is small, the structure is small, and the signal
is weaker at normal incidence than for large structure but stronger at
large angles with the normal than for large structure.

It has been observed in many experiments that the value of
correlation distance L that gives a good fit to the scattering curve
measured near-normal results in a theoretical scattered signal at
middle incidence angles that is much weaker than the observed signal.
The value of L that would give the observed signals at middle angles
is much less than that required to fit the observations near normal.

Figure IV-2 shows typical sample exponential autocorrelation
functions that could be made to fit the two ranges of an experimental
scattering curve, Here the larger correlation distance, which fits
near normal, is L, and the smaller one is § . The entire significant
contribution of the middle-angle autocorrelation function occurs for
small values of g so that u,()[- £/ LJ is essentially unity. This
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suggests that the choice of an autocorrelation function that will fit
observation over a wide range of angles demands careful attention to
the shape of the function at its very beginning, for a steeper decline
of the correlation for short distances is required to obtain significant
returns at middle angles.

Lunar measurements have been made more accurately over a
wide range of angles than terrestrial measurements {Evans and Pettengill
1963]. The rapid decrease of the initial part of the return clearly
suggests that this part is due to relatively large, flat facets. At a
~ later time delay the return is slowly decreasing, which implies that
the surface appears to be rougher or the contribution is from smaller
structures. At a still later time, we expect only structures with
significant slopes to contribute significantly, and these are likely to
be still smaller. Thus, the return curve suggests, in accord with
the above discussion, at least three different sizes of scatterer. A
correlation function that behaves for small lag distances like one for
a very rough surface, and behaves like one for a somewhat smoother
surface with larger structure, and finally behaves like one for a surface
with large, relatively flat structures is called for.

Returns at large angles from small structures alone would be
due to an exponential correlation function having a very small correlation
distance. The intermediate returns from intermediate angles call for
an exponential with intermediate correlation distance. The large returns
at small angles call for a large correlation distance.

The following correlation coefficient is suggested to account
for these various sizes of structures. In fact, it has four components,
accounting roughly for the angular ranges 0° to 20°, 20° to 50°, 50°
to 70° and 70° to 80°. For motivation to the form of (¥ ), see
Appendix 7.

_IElL

ee)= L+« 9«»1((‘/4-) gap[-1<(1- € )]
+ 4 opfx- e BO] + Luspli01- )
t £ oplx (- c’-"g%”]} (1v-16)
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2

where K 4 k"o"

I

(R2P? 4 17 cac’c )™

1% )
It

d = the effective standard deviation of the surface heights.

o
i

21 /A
7\=wavelength
a=c+dtf+4g

] /]
L, 4,4, ,e‘ are the correlation distances of various structures
c + d. f . 3_ are appropriate constants.

The assumed autocorrelation function may be interpreted in
terms of a multi-point fit to a continuous spectrum of sizes of structures
on the surface or a déscription of several discrete sizes of surface
structure. The former interpretation seems to be a more reasonable
one, although no distinction can be made on the basis of the data.

Let us now write (IV-16) in the form

-8/

) = e KU%{—?,:

+ % “’f[K( e-lEl/(_ _ e-lEt/L)]
v Loopli(e )]
' %:. p [ ) (C-IEI/Z" ~ e—lil/‘_)]

(tv-17)
From (IV-17) it is seen that the log term is zero both when ¥

is zero and when § approaches infinity. Further examination shows
that the effect of the log term is to cause the f (§) to decrease
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faster for a range of small values of § . This, in fact, is a desirable
effect, since smaller structures decorrelate faster, and thus they have
been taken into account with this correlation coefficient.

A plot of P(§) with respect to ¥ does not show appreciable
difference from a plot of sap [-1§l/L ] . However, if weplot | - ¢(g)
and compare it with | - gp[-[El/L ] (see Figure IV-5), we
see that the difference is tremendous for small values of § . Since
the integral in (IV-18) is negligibly small except for small § , itis
clear that such an autocorrelation function produces quite a change in

the return power as compared with a simple exponential autocorrelation
function.

4.4 An approximate mean power return expression for backscattering
and comparison with experiments,

From (IV-10) and (IV-13), the expression for the mean return
power is

] _ R GA, 2 ud!
- e fff e 2

"‘4’[‘ A 2 - p)) 4R ot df

(Iv-18)
where the limits of integration are as follows [Davies 1954]
Ry - CT/2 € R £ R,
- @/2 £ 6 < b
- - 0 < t g 60
- 0 § ¥ ¢ ™
(Iv-19)

Making use of the fact that d for the moon is large, we obtain
the integrated result to be
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where = Pr Ap G C 7T
h K é4 TL;E‘B
A°= L?.BZ
AI= (ZBL
A= 078
A= 0B

B8 - A*/[4m)a?)

The theoretical curves obtained from (IV-20) are compared with
the experimental results reported by Evans and Pettengill for both
N = 3.6cm and A = 68 cm. These are plotted in Figures IV-3
and 4, The values of Ao , A1 s A2 , and A3 are obtained by trial
and error, and so are the constants c, d, f and g. This last set
of constants denotes the relative levels of the terms in (IV-20). One
of them, therefore, may always be taken to be one. Comparison is
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also made with the experimental results of Lynn et. al.'[1964] at
A = 8.6 mm in Figure IV-6, Taylor[1949]in Figure IV-7, Dye [1958]
and MacDonald [1 956]ir1 Figure IV-8, Grant and Yaplee in Figure IV-9.

It is worthwhile to compare the results obtained here with the
results of a single exponential obtained in Chapter III. The theory of
this chapter gives better fit in all cases. However, the results of
Chapter III are in many cases good enough. The question arises as
to why is this so. For a continuous distribution of structure sizes
which is approximately linear or close to being linear, it is reasonable
that a fairly good result is obtained by a single exponential-approximation
to its correlation function. However, if the distribution of structure
sizes is discontinuous or continuous but with large variations, then
a single exponential cannot be a good approximation to the correlation
function at a frequency which is sensitive to the part of the distribution
function that possesses either a discontinuity or a large variation. Thus,
in Figure IV-7, both theories give pretty good fit at Ka band, but at
X band the single exponential theory does not give as good a result.

In fact, the value of A that fits the first portion of the experimental
curve cannot fit at large angles of incidence from say, 30° on; whereas,
an intermediate value of A, the A-value that lies between A, and Al of
the theory in this chapter, gives better overall fit but poorer at small
angles. This indicates that a single exponential is, as expected, an
overall approximation to a more complete autocorrelation function. This
fact is also clear from other fittings of experimental curves especially
those of Grant and Yaplee in Figure IV-9 and the 8. 6 mm moon return

in Figure IV-6.

Observe that a larger return at large angles of incidence may
be interpreted as follows: there are structures of proper size present
that are responsible for it; while a smaller return may mean absence
or insufficient number of structures of proper size. Now the use of a
single exponential function for the autocorrelation function involves a
parameter, the correlation distance, which is an average obtained with
all sizes of structures taken into account., However, the average is of
such a nature that the effect of big structures dominates. Thus, it
cannot account very well for small structures when there are a lot of

them nor can it indicate their complete absence when there is none.
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This explains why a single exponential theory may give a larger or
smaller return than the experimental results. It also explains how
the more complete autocorrelation function introduced in this chapter
helps to give a clearer understanding of the surface structures.

In Table II parameter values for fitting the experimental
curves using the theory of this chapter are tabulated. In Table III
values of the parameter A from Table I and those of parameter Ao
from Table II are tabulated side by side together with their associated
correlation distances for ease of comparison. The correlation distances
are calculated under the assumption that the effective standard deviation

at a given frequency is 1/4 the wavelength.
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TABLE III

COMPARISON OF PARAMETER VALUES OF A IN TABLEI
WITH THOSE OF Ao IN TABLE 1I

TOGETHER WITH THE ASSOCIATED CORRELATION DISTANCES

78

_dAe LA _AXnA
Experimenter Terrain [Wavelength| A_ | A Lo==7 —— 1= 4
(cm) ° (cm) (cm)
Pettengill Moon 68 110 | 133 560 614
Evans Moon 3.6 18 20 12 12.6
Lynn et, al. Moon 0.86 1.8 3 0.905 1.16
Taylor Smooth | ka 10| 13 | 2.48 2.8
Dye Ocean X 500 | 900 52.6 70.6
MacDonald Ocean 24 10 13 59.5 67.7
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FIGURE IV-2

SAMPLE EXPONENTIAL AUTOCORRELATION FUNCTIONS
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Pettengill's Result

A = 68 cm
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FIGURE IV-3

COMPARISON WITH LUNAR DATA AT A = 68 cm
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- FIGURE IV-4

COMPARISON WITH LUNAR DATA AT A\ = 3.6 cm



78 d

[(178-)dxa =1 ] HIM( 4 ~! ) JO NOSMVdNOD

L'0

S-AIl NDII

9°0 S°0 v°0 €°0 2°0

1°0

| ] 1 | {

w ot =7
wog =7
w oSt =)
w 000'€ =1
000°'T =¥




78 e

ww 9 g = X IV VIVA ¥VNNT HIIM NOSRIVdINOD

9-Al PANDIL

soo Bor + 7T

T

S0 9°0 L0 8°0 6°0 0°'1
{ z { i 1
00°1 =1 20°0 ="Y ~
. ' . H
vm.mnv mo.oﬂOﬂ. € =Y yYim |
00T =09 8'l=V v v ¢ III a8dey)d jo Aioayg
r/‘ﬂ —
Www 9°g yibuateaem
Teo0118I08Y] ) 7
3 & & rejuswpedxy /@/.Wn
1 1 3 [ 1 L i
o 04 209 «0S§ )4 <0t

002 01

¢l-

(dp) 19mod saTIRIaY



Log Power (DB)

Log Power (DB)

20

10

20

10

78 £

~Taylor's Result

Ka Band
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FIGURE IV-7
RETURN FROM SMOOTH CONCRETE
COMPARISON WITH TAYLOR'S RESULT
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4.5 Effect of the size of the illuminated area on radar measurements

Experimental evidence[Evans 1962] shows that when large
structures are covered with small structures on top of them, only the
small structures can be detected. Using the notion of a composite
rough surface Beckmann[1964] showed that if small structures have
larger rms slopes, then it is, indeed, the small structures that dominates
the scattered return signal. The exact nature as to how the return is
affected by large undulations comparable in size to the illuminated area
has, however, not been treated. We attempt below to consider the
special case of a Gaussian surface characterized by an exponential
correlation function of surface heights at near vertical incidence.
Consideration is also restricted to backscattering.

The backscattered mean return power due to an incident plane
wave is[Beckmann 1963 p. 87:]

A - K[l - P
P =K X J,(2koE) € frs] A (Iv-21)

where & is the angle of incidence of the incident wave relative to
mean ground plane

K = (240 coor )*
k=2 /A
P(¥)= correlation function of the surface

K' = constant of proportionality

Since the large undulations are assumed to be of size comparable
to the illuminated area, the mean power given by (IVv-21) is obtained as a
mean only over the small structures on top of.these large undulations
(see Figure IV-10).

mean ground plane for

large undulations e .
P aatiii W | el e \ /“/"w

jilluminated area
Figure 1V-10
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A different mean ground plane is needed if we want to calculate the
average return power with respect to these big undulations. This can
be done by writing (IV-21) as

p=k c,n'zcew)f J(2k(ot )] 8

°

+24p [~ (24T con (8+0)) [1- ()] 4%

(Iv-22)

and average over @ (see Figure IV-10). Taking £ (%) to be

Mf (-€/L ) ., Where L is the correlation distance and integrate
we get

-3
P= K (zk«L)z({z&c’m(e+o()}4+ (2kL(o+o()}’] 4

i)

K'L* f; (L )* (8 + ) ]'3/"

(2ka)* w"(9+°()[ T Qe ceat(otd)
2 -3h
= " ot [1 4 (0+)® 7
K™ oo (6 1) A it (6re) )
(Iv-23)
0 k'3 ’
where K = W
= L ¥
A (2&01)
Assume |g| ¢ 3° and lA (en()"-/ Cod*(B-f 0()|< {-

Then, (IV-23) can be approximated as follows

Pz——K—{i-—g—A[x" + 126K+ 86K’ + 5K
Coob (6 4)
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+ 2K+ 20600 + 0% + 26"]

_3-5 2 3 N
T 24 Az[ée * + o O'X” 4+ Lo o%* + Lo o
+24 6%+ 24 6«° + 40y + oA +0°

+0(4+486+4v(6]-u- }

(1v-24)

If the large undulations were not present, the approximated
power expression is

3 2 7‘5 3 4' 6 JERPAP I -
P~ -2 At t2o*) +2:..; AS(KF+ 4 x®) (IV-25)
Comparison of (IV-24) with (IV-25) shows that the major effect,
T , due to the presence of large undulations is,with higher order terms

neglected,

3 a
T = - '1" A(,G + 290() (IV—ZS)

If we assume that the probability distribution for & 1is known,
then the change in the mean power return due to these large undulations is

T = -%ﬁ [m, + 20m,] (tv-27)

where m, and m, are the first and second moments of 8 respectively.
It is thus seen that the large undulations will cause a drop in the mean

return power.
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CHAPTER V CONCLUSION

The investigation in the previous chapters presents a complete
theory based on Kirchhoff-Huygens principle on radar scattering together
with some of the associated problems which help to clarify the physics
of the radar return problem. A rather long expression, (III-24), was
obtained for the mean scattered power in all directions which can,
however, be simplified in various special cases., Comparison with
experimental results then led to the investigation of the frequency
dependence of the radar-measured statistical parameters of the surface

and a more detailed autocorrelation function of the surface-heights,

P+ |+ K by i;‘: cap[-K(I- e )
v d e (- e ] oo &

t & o [-k0- e"ﬂ/‘")]} )

(see Eq. IV-16).

The nature of frequency dependence of the said parameters was
shown to be such that in general, only the effective parameters are
obtained through fitting the experimental mean power return curves. The
true parameters of the surface are measured o;ily when the exploring
wavelength is about four times the standard deviation of the surface and
when the near-vertical incidence data are used. At larger angles of
incidence the smaller structures are comparatively more effective and
their character can be examined through the use of the more detailed
autocorrelation function mentioned above. This novel correlation
function was shown to give a more adequate description of the surface
especially when more than one size of structures are present on the

surface or when the distribution of structure sizes is not everywhere
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continuous. For the case where all the structures are about the same
size, this correlation function will reduce to a single exponential,

With this more detailed autocorrelation function and the
knowledge of the nature of frequency dependence of the measured
statistical parameters of the surface, estimates can then be obtained
on these parameters. This is the first time estimates are obtained with
frequency-dependent effect taken into account; this is also the first
time smaller structures on the surface are distinguished and their
sizes estimated. Other works cannot single out the effect of frequency
dependence nor can they tell the presence of smaller structures. Thus,
no meaningful estimate was possible, and those works can provide,
at most, an explanation,

Since knowledge of the structure sizes on a given surface is
the most important result that we have arrived at, we summarize below
as to how estimates are obtained.

Consider a set of parameter values obtained through fitting

experimental curves by the theory in Chapter IV, From Table II we

have

Experimenter | Terrain (em) | A, A1 A2 4, (cm) 2, (cm) 2, (cm)

Pettengill Moon 68 110 0.25{0,011}f 560 | 26.7 5.6
Smooth

Taylor | Concrete 3 50| 0,27 16.7 1.22

Lynn et, al, Moon 0.86} 1.8} 0.05}{ 0.02| 0.905] 0.151 0. 0955

wherethe £ ;%0 |

(= 0, 1,2, are the correlation distances

and are obtained through the use of the argument on frequency dependence

of these measured statistical parameters of the surface, namely, ¢ and

4. - The relations used are from Chapter IV,
t

T =N/ , lizm+nk
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The parameters, @ ) Q, then characterize the largest structures
seen at the wavelength, A ., 8Since ¢ is determined mainly by

the large structures seen, the ratio 0/ 4, can be taken to be the

rms slope in accordance with the definition of Evans and Pettengill[1963].

Presence of small structures is indicated by l; . v 21 but o /2; .
R | does not seem to have any meaning. This is easily seen in

view of Figure V-1, where the largest structure drawn are the ones

characterized by l° and the smaller structures are the ones

characterized by any one of the f;'q , ¢ % [ .

mean ground plane
4.
A PradBin z/ i
\/

D

Figure V-1

A surface with two types of structures

It is worth emphasizing that the rms slope defined by T / 4,
is not the actual rms slope of the surface, since the effect of smaller
structures characterized by l; , ¢ | ., have been ignored in
its consideration and @ , {, are in general, frequency sensitive

parameters. What is more, the rigorous definition of rms slope is
—_— [}
{ ( azﬁi )2. } % [Feinstein 1954] which does not necessarily

coincide with a /L .

Since the main results are derived from the Kirchhoff method, they
are obviously invalid where the method does not apply. Hence, future
work on the same subject but for cases where the Kirchhoff method is
not valid is of great importance. This can be done by either improving
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the tangent plane approximation in the use of Huygens ‘principle or
employing a totally different approach. When necessary, the exact
methods discussed in Chapter Il may be used. However, many curves
have to be ploited using a high speed computer before any physical
insight can be gained.

A preliminary study on the effects of the size of the illuminated
area on radar measurements at near-vertical incidence comes out with
the result that the presence of large undulations comparable in size to

the illuminated area will cause a drop in the mean return power.
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APPENDIX 1

PROOF OF KARHUNEN-LOEVE THEOREM

Theorem: A random process defined by the sample function
Z(x,y) continuous in the mean on a closed set, D,
has on D an orthogonal decomposition,

-1
Z,g) =2 X, Fmalhg) Zma,  (Lg)eD

with

f ‘fmn (il a‘) Lfr? (1) 3) d?( d; = SMF fn%
b

zmq ZP% = SMP S.n}

if and only if the "A p, are the eigen values and the P (x.Y)
are the orthonormalized eigen functions of its correlation function.
Then, the series converges in the mean on D uniformly. (We give
a proof below for a real random process).

Proof; @ Show \mn , Y n (x,y) are the eigen values
and eigen functions of the correlation function.

Poygsgd= Zup z2asy)

: -'7': '{ Ve o
‘-f'zt é,, xmn 7\?%“”,“(20&') ‘fpf(“'a)z«nzf‘.

f,%. m,n mn )\P{r L{;;m (113) tf's_(l')?') S;"f Snt.

= -X:nn Ifmn e 3') ‘ﬂ‘m (x‘) 3‘)



A.1-2
f Cog 529" Vy') dx' dy’
A Py s g ‘fq(’- g4

- 'g;‘ X-im" (ﬂ"” S 3) fp Lrl’mm LX',g‘) ‘fpf. (X‘,a') va'ffa-.

o~
= Ny fpd)
This shows that A Pt 's are the eigen values and the

‘{’r‘_ (x,y)'s are the orthonormalized eigen functions of its correlation
function, f (x,y; x'.v').

@ Using the fact that Y,,,(x,y) are orthonormalized eigen
functions of f (x,y; x'y'), we shall show that the random
coefficients are orthogonal in the sense defined. Also,

Y
=, A :m $on 9 4) Zmn converges to
Z(x,y) in the mean.

Let us define the random coefficients ZP}- by

4

ZF% )\.?; = fp Z(X,g) Lfrzl""?’ 4143

Then,
‘t’ ’l‘f . [ ' 100 dxd
x'é -h'%

mo Apg Lnn Zpy =/[ ra’&jx"‘éf’) ?r;.(x’a) fonn (xﬁa')dxdi'dc,]ag'
2D
Since qu(i: 3) = AWm( f(i,g; ’L'a') ‘f’,,,,,(x',a‘) d+' JJ' '
we have p

ek
2

-4 . -1 -
Amn Ay ZoZom = L Ay Fn @) fp 0 g) Ax 44 =>\,,,,,5.‘,,S'n{,

-‘. Zr% ZMI\ = S—m') FME’
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since A =0 is not an admissible eigen value.

mn

Lo
T2
To show that MZ‘;‘ A . ‘fmn{x’g) 2., converges to
Z(x,y) in the mean, let
.4

N, M L
Zyy P = 2, Aw  Fonn YD Zmn

m,n

A direct calculation shows that

M, N -+ 4 _—
Zoyy) Z,,, 0,4 =2 % A Hye fran ) Fpg2d) Zmn Zpy
NN 2
= . )"n ‘fm,‘ @, a‘) .

Hence,

| [Z2a, 9 - 2,0, P1° = ZayZey) - 22606 Z,, @ g)

-+ ZN,.,, e 9) Zum C"u?)
- Py MN 2
= f(z,g)‘ 1)3) - Z:‘i: ’/\,l,,,, Curn (’1/3) ‘"Z:n 7\,‘,‘,,"?,,,,,"‘3)

N - 2
= f("naiﬁlg) - :2::0 A:m, (fmn (X,})

Now Mercer's Theorem [Courant and Hilbert I p. 138.]states that

0/(:"1.- N M -4 2
N = 0o Ay Gnttg) = PGS LY

m,
M"” , N
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Thus,
Lom, ' w
:-roo [Zula) - Z,Mat,a)]z = m,[f(x,g; 1,3)‘2 7\-:,,,, ‘fa,g)]
- pe M~ mn

0

Hence, by definition

. N,M -4
Zovg = LM 20 N 4,6 g) Zen
m, n

N-»so

M0
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APPENDIX 2

ENSEMBLE AVERAGES

The ensemble averages of the following quantities are found

below
(i) k8z ox [ s 1 ]
€ - pliks ™n 7\nnn Con Zoan
00 . zz
- e;&BZ _-——/—-_ - Zaz
Jan € 4z
- o RT ¢
_(cB8 )"
_e t ?-3 3 -Ichk)z
- 2nag* € dz
_(aB&)?
= e 2 2{n a
d 2nag*

(2-1)

m,n

s 3o
Since Tr [ e lkB )M,n “Pmn (.113) Zmn ]

= VIL [ exp (-ﬁzsz 7(‘mn “f;,j;n (X,4) G-r:n )J

= ex,f[_ K8 Z Ao Frn (1, 4) ]

2 (2-2)
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Hence (2-1) and (2-2) implies g ? )\’
m,n

2
(€, 4)
(Recall, G’,,f,\ =1) ma 4

(i1)

;432 B8 “x 4
Zo € =2 XL ) 2y @ BB TN ey

kBI W @ a,
_mz-;) : ‘(mn("'a)[zm . kBS " ‘frfa 9)er]

- -3 -+8,;
" A Yot [ 1800 ] 721 ]
= cmZn M %Mcx,g)[/kalm Lfm(x,a)ezzeﬂ
= ‘-_L_;_
2

3x 9 ”"f[ ‘Lkz’Bz 21( 1 ‘ﬁ,‘; (1, 3)]

1]
N
jo

q

w0 -1 K]

(2-3)
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(111)

e ikB(z-2')
= op[1k8(Z AL ¢, )2~ Z N0 o4, 0040 2]
= ”’r(ik B r%n {-thn r‘fmn(x’a)‘- fm‘x"?.ﬂ Zma }]
= Y[ Z Cow Zmn )
=g o
= %{‘{ 'LkLB,éhm [‘f’ RPN fm("/7') Z‘f,’,,,,(by)‘f,y,,,f”'?)]}
...h,,f?.. B(a+a‘ -2?(1)9)’6?»}

where

r(‘.mn = &Bu.mtn i ('F»m C’O;) - ‘f'""(xl’a’)}

r=0@y) , O =0& 4)

(2-4)

For stationary random process, ¢ is a constant and (2-4) becomes

sp[ikB(z-2))= e KE(T"-Pagy)] &
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(iv)

Zl e Bz - Z')

148(2z- 2"
= Z ’Amn Lﬁwma’&)[zm” = ]

where {2,.1.., e .'kB(z-Z’)J

-

= Zun fpfi kBZ AL [‘fré(r;g) fg 2 aJJZn}

Zun 42 ,‘?: Cte Zpg )

(i o o 107 Crg Zy )}

= { Cwmn 0"7[‘2 o fi']

’

S 2 e:ke(z—z‘)

= ZéBZ 7\',‘.,,, [tfm,,n,g) tfm,?cx,g) -‘-{,’L..,,,a,g) ‘fmn@l)a’)]
up -z & rg]
= Bt xa - X f g5 3')]

.pr[— E;. Z 'X:"” {(Pmna’a) t Lﬁ:"(x" 3') -l‘ﬂ«m(?" ?)%-,"f?')i)

= et o= 52 el S (o2l

(2-6)
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For stationary random process,

Zc,(_ eaﬁB(Z- Z.') -

148 2L wxp[- K52 (e )]

(2-7)
where W = X -X . P = P(JL,J, ;2 .J')
Similarly,
Z, e IkB(z-z')= (&B[ 15
o 23 9

. jd’fi“ —zgl{_a_;-rq_,z_ 2fJ} (2-8)

For stationary process, (2-8) becomes

7, ¢ FBE-Z) . oo (2-9)
b4

(v)

Z.Zy e 'kB(Z-2)

—mznng ')\m,1 "ﬁzmn LY) 7\,," ‘fuf(z,a)[ zq_ C:ZGcht]

where Zon z%e7z Cst 24
- -4 _4 iCst Z
4C., 493' [HE st st]
= -4 __”_(l_f-{e‘%gcsi}
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_{U-C"“”“Tf-‘z‘écsél gt E
"Cnn CP{' uf[‘éécsft] y ‘96 m*’f’)_j’*z-
o+

Zq Z¢ eitB(2-2D

=Z 7\m,, ‘{;

h IM")

L8 (2, 4 Py =2 fin)

- z_ (<r {-c"-zf) - _i ’
. e mzn: % 7\,,.,‘ Comn A g ‘ﬁ% (1,4

2 3 -f -t ‘ 1 | !
’k (=4 )nm 7‘;»; [“fmn ‘fril t ‘f’m "Fp{ ‘Lﬁnn ‘pr "“Pm‘ﬁ{-‘]}

wp[- B eteato2p)]

- ) X _Léﬂ'f_if _t__f_écs‘z | q* aa'?

- { 3’ ke {2 W T2 3 '??g{"a'v
__a ) 2 2 1 2 -
£}l e ae) e

For stationary process

Tk8(2-2') 2
2,2 € -_(3f 2 2/ 3F \2 -&—zBCvz-F)
- {au‘+k5 (’a‘ls:,').}e

(2-11)
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APPENDIX 3

TRANSFORMATION OF COORDINATES

Since we want to integrate over the illuminated area, it is
convenient if we express our x,y coordinate in terms of some
appropriate coordinate S, ¥ [see Figure A—l]

Figure A-1
Geometry of the radar problem

We can accomplish this by going in two steps: (i) express x,y in
terms of f and ¢ and (ii) express f and ¢ interms of
S and § . Thus, from Figure A~1,

X = Pand (A-3-1)

4 = femo (A-3-2)
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P= $an
- ‘[ Ll - A end ]
$= e B g & L
where A = cosef,
B = sind,
The fact that cos ¢ = Cod & - ‘A Cad will be
B ¢end

shown later. Now (A-3-1) and (A-3-2) can be written

=8 dav (o

B 4o J

§ el tenf o' [ LL = Acax 7}

4 = S tene( e g

S -

B [Ca ¥ ACmO(] (A-3-3)
24 - 4 doC

5¢ = dndemt 4+ Sead end 25

-—
—

b o + tnd K bt

Crop Aec ol

LI S ‘A [ oy - A cod
38 -Sawocdd'[ B decl

§-‘ .~
BM&’

> el ‘
—S—S—— d«(»vy(davé +SM\~¢ Cdbdggﬁ

don oo 4 e ead LT

s Cock



9L = G guie oo ¥
o - 464«»&{%?

= (S$/B) 4t et

Thus, the Jacobian is

m‘#&d«cc(‘ ""§’dl:~d’
3 6

%(% Cec don &+ Cenb c«w.o(ai\,r)

= ‘%‘ cacd dent %C# (A-3-4)
The element of area = ‘_é.mo( M:/vd' C‘“—‘PI ds Ay
Let s'= g+t

¥ = vty
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‘=
>4 o(+r7

-y = CS+'t)r4°:~CoC+°l)[ mc“")."““("”’?)]
B MCO(-Q-"'I)

- Sdu:,o('[ Gnr—.Aw°(1
B sl ]

= §Cs +2)[ o (rte) —f e trm)] - S (ca&-ﬁemf)}‘ls‘
:—é—{@+t)[ﬁnaca(€—4;x?0¢;z‘f - AQ@-—:&OQ'?
+ oo o] — € (et - fom)]
R E{tenreng - Salred g - th tod eoo)
+ ¢A 4‘@0(4«5«»7}
= _JB-ﬁ (bettng —Acndenn) +
$(A4«.;o( 44,1»7 - M‘«&'M:ﬂf)}'

St Cenr - homt) + g (Aot ~pect )]

(A-3-5)
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N )
-y = (-31"'('.)4%(0(4-'?)[ | - f e (F+ip) —‘A cnlk+o) Y2 1%
8 s (+7) B

S Tl

~

(S+1) aen (K+7) { L= [ea’tr{) - 24 e (F+4f) conttt)

+ A*ea’*(oct '))J /2 B* dk:»’(a(-m])J}

- Sui«-o([ | - Sal¢ - 2Aentend tATcr ]
2B ge’K

& (S+t)edierem) - S4T) Loc(Xtoy) [m’« S
2 g8*

~2 Ctnt mgfat&«a«it( - 24 (cnrca:lf’mo( &oor’]

-~ QoY e Cf»it:«,o(‘ fuf«,ﬂ] - 4@«\»6‘44«'.? Y ca’:o’)
+ A’-( wzig( d@-\(,,} 200 d QJD"/ ‘u,:o( 4@»:0/ )]
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- -séé- W“‘lﬁd%lﬂé&ldaﬁ(«p]-é‘f.} mc(‘dalra«it(apo(c@o)
B

= s (A 4
e ¢ 'K 0@’7 -l-—*i—Bt Cagof Coaof co) Mo( et

- ’t["“\"“w“{ PR
+ A coek ot en p ead com ﬁi»g: coe o m%(mﬁv]
-t—g’;moc[ea& CaP danf Un P ~ A Cra¥emlp M@Mf?
*—Ak\w«u\mcfwo(c:no]f#mo( cnr7ulo(4e~lrﬂ
+ S X M”’

t

= % den o et W[‘SL_ L' Ce P

+AChY dnp cm(am] - é_-z m‘occn’nﬂ
+ ¢ mxﬂrvf%w[m&mqm@r%«p
’A%O’mt(aio(«;q—f\m;v«itfmo(m?

4+ A cod am y don /w‘«,n/] (A-3-6)
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If we consider the case of narrow beam and short pulse problem
with sufficiently large angle of incidence, then we can choose our
reference axes to be such that

O(o =~ W/Z.

¢ =~ T/, (A-3-7)

This choice implies " =~ /2. Hence the Equations, (A-3-4),
(A-3-5) and (A-3-6) becomes

J=8 ekt oinrescd = § et -3

'y - L _ o
4-4= 5 {t(cmat-Aeoc)+ 6 (A donck fw)} e
~ - glf
- = ‘tm:\,o(c,a—on, +_§: MOC['—ZL(‘,plt mz(f
2

t Aty ol tor - A co%c afv‘ﬂ/]

+ 8 em(u:w? + -E% W[QDO’cocp@rM;‘F

—Acowcwcpwla(@q—ﬁ@réé»‘f wc(%vf7
+ At oo e s 4";'7]
= ¢ dem S+ §»7 eno(

ct s X + teoTC cad = 1 toeX

(A-3-10)
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Note that the choice of reference leads to
A= 0,

B=1.

To find ¢ interms of S and ¥

Figure A-2

Geometry for relating to S and

From Figure A-2, we have

a* = ¢+ " - 27F cod

(Somc) + (S, 4‘;0(0)2-28'5",44\-\.0(0&.;0(0&0‘? (A-3-11)

Also, a* = 8%+ §* ~28S, el (A-3-12)
Noting that S = -ﬁ--— . S, = i—— . we have
Lo (Yo @

from (A-3-11) and (A-3-12),
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! + ‘ - 2en ¥
Lo’ L%, too X encX,

= talo + tal -2 fa. X ta. o, Cp qS
Co* tor¥l, -2 CRACHA, crnl
S 4K ol + Gy Cot’ = 2 der i dendly ol anks Cod
2 o™ Lo, = R Co¥ Cod, (0pf- ded(teioy o)
e trd, = 68 |~ deNa i, Cod

o.. 0‘@4 = Qo)r - G’ﬂx Q40<{o
Aey, X e, (A-3-13)
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APPENDIX 4

EVALUATION OF INTEGRALS IN (ITI-23)
_ - &
(I) Consider H‘f A, M/f[“'\*'f -K((-— e Q)]

So CoaeX L5 46" a8 Ay
(1)

where A, = | - 44:\,‘9 éc‘:\,"cf
S Ll Tk
= K (0~ 4l6 degp)
$ = &k snb cof
K = 4*¢*B*
K= 2o [e

This integral can be written as

-K -{Yg +Ke 7
Klfﬂf A e TAT Ao’ &, cocor ASAY

n¥

~K oo -VE - .._..
= n;’ _"—‘_[///e e ZALAD'S, e ds 4y
(2)
Now consider the following integral
t MO -t
ffp '&* /f %%O)g 545@' (nh>0)
46"
= { p RS (3)
, (R 47 paee -c,b.eaae)
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let cpo' =(z+27)/2 an b = (z-2") [zi and de'= dz/iz

Y

Then (3) becomes

jg 42
[ + £<-2zv) -itzezy]tiz

___f -z Az
[(-zt-:i)zu_f’_z-(if;i)]z

2 a_ 2 2

=f -412 4z
[(z-2)"(z2-2.0°] - tpp

where Z, (plus sign) - -2— + ,\/(2'3_)2+ ?z+ %2.
Z, (minus sign) - o

Residue due to 2, aside from the factor 4/ (p- :3)’“

- d[ -z 1 - -1 (2-2.) tiz2(2=2.) [

2z - 2 - 4

d l (Z« Zl) JZ’Z, (Z 21) zZ=Z,
(2 +2Zs) _ tn(p-i)”

Z -z 5 - 2 2 5/2

G 2 fal@y + ¢ 3]

Thus (3) becomes
21N /

21 Residue =

R (€5 S SR A

= maat[mt ¢ arepegd]
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For the case, n = 0, the limits for the variables £ , and ¢ and
consequently §  will give rise to a delta function behavior. However,
these limits are approximate values. Actually, integration should be
carried out over a finite area. Thus, a more accurate result is to go

back to (22) and for an illuminated area of size 24 x 2§ we
have instead of (3)

J[ %f[—t'ftuca(-(-t'f&f’] d(teae) A1L¢)
-2

-.‘fﬁ - z'f"e :l
€ _€ (e{

(-ip) ()

) e-:;e)

= 'f’? den p e L4

(5)

Assuming constant gain over the illuminated area and negligible variation
for S in the integrand, we have then some trivial integration over the

variables, S and { . The final result for this term in view of (4), (5),
and (2) is

S, 4,8 °°
‘Gcza‘wo( ”, I*P“”%I K snna [‘7\ +¢cf+fz)]

oA, e ¥

= . -z . *
K o /‘O\Z«r": M%{e

- F & Pratyreg)] A (©)
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where K = 2»7 H cr &'TI' and note that F;: 4o
(II) Consider the integral

- K‘U[f (2&8,q° me'm[ - YE-K(-e %)]

S, Cee . TAL do' 48 Av ?)

where B, = (CRB ¢ Cny) dor B €096 A

= =K (2_&300 —S‘mo‘ f. ,<n ffjmwe

sapl-tnt) 54 —i¥E]  Sagie’acdr
®

!
The integral with respect to g and 6 is

U 40 6’ eap [~ (2 +ing)§] TA5 8]

=(2Jl 4‘:\'0' del
| 2
o (F - )

9)

Transform onto the unit circle we get

]{(z;zz") ' + dz

[ famFara]
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- .2 (z*-1) 4z
¢#-f) (Z-2) (2 -2.)
where
Z,(+) R tp*r g2
21(‘) f-i{.
Residue at zZ = 2z is

__2 A[ z* - 7
(p-i) dz | (2- 22" jz=2.

4 z2, -1
(p—i‘é)" (2 - 2,)% |

1

z=2g,
__d [4-ip)+ @491 [ (4~ 1§
(p-if) 8[(";'3+f+ ]"/c,-,gf

S Lpeipt pre 2*)
Z.(F'l?) [ (%_!_)3 + fz.+ ?1]3/2—

= -f
+1\? 3
[ (D" + preg ] 10)
Hence (9) becomes =217 ¢ ’P (11)
()™ + o+ g2 )=
The final result of (8) then becomes in view of (11)
KiQeT S, B, HT kpa? X e

St B AT & 5 I [ Y g ey

n=0
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=-gE Wire) (m 4««9««95)(”) Z £ [(n+1)+a(f+—?‘)]

(12)
where 8, = (Cpp+ tpor) b cmp v g
(IfI) Consider the integral
-K, Cﬂ‘/f»‘{f[['ﬂ&,’a' M»f[—i"if -K(I-e 37Q)- 3—/1]
S, ket SAY dg' Ag Ay 13)

where Co = 4(.;,26'

2 Kp n -lpoiyy
= -K,‘.ge.C_:‘L S A [[f a0’ gy dp'asdy

=y Ld’S, K& K slp'de’ dydg
! a* g nl ne |l (14)
e Sl (TR i)

In (14) the value of the integral,

Nn+|

[ZTT 4‘;}9{ 49‘
o (-———-— + u’»me-zgc@e)z

(2 (2°-24+ 27") dz
t(2- 2Y (2-2) 7 (¢-1§)

4 L (z*-227+1) 42
J (p-igf z (z-2)* (2~ z.)

(15)
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where Z,,2, are as defined in (II)
Residue at Z =0 is
_ : } ((p-if)
(p-ig)* z* 2z} (p*+42) (p-ig)
_ (
(p+ig)y

(16)

(,r—{?)z times residue at 2z = 2, gives

_4.[ ( (zt-222 4+ 1) ]
4z Z (z- 2.} Jz-z

= [z (2-22,2 12}) (42°-42) = (2% 2241) [2%-22,2 + 2, + 22 (2-25)]

72z -2,)t

.

= (2(2'-22,2 +224(2%2) - (2%22% ) [i2-2.)(32 -Zaﬂj
Z

z*(z-2z.)*

ZZ(Z—Za)3
t

(z*-1)[2%(z -32:) t 3(2-2.) ]

._.;[(z‘-l)[‘}z‘(z -2:) -(2~1)(32 - 2.)) J
z2=2
:([

2 - 3
72 (2-2:) 27,
-1 | 2'(2-32.)+62-2.)  z-32, 3z-2
(Z - 2.)? (z-2.)3  z%z-z.p
Z

- z Z:-(z' - SZ;_) + 2(21 + Zz)‘ _ SZ, - Zz
(Zl - Zl)s (Z! - Za)s z,zCZ,' ZI)s

k-4

Z,

Z

z2:2,
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o i(p-ig) (R'- =) 2 4R
Bl e prepTh | (-ig? [ P-ip )
-k 't.:_' _[ee-2 B eeig 7
} p-if L p-ig Jl_r%'_m. J
17)
where [(ﬂ‘l") + ?L+ %;J'/z.

Thus (15) is given by 2711 ¢ times the sum of the residues at z =0
. and 2 = 2,.
Further integration with respect to S and Y leads to the
} following final result for (13),

:

Ki@é—i@_ (.;_\.')2 e 8 K [: l

nzo ! a* (F-n'%)z

_ n+ | _ |
2 [(h+1)* + pht g’f/‘ 8 [tneiF + 22¢p+ 49T

+1

+ ( - M_P'.:.q' " )[z(n-rt) =4 (n40* +a3(p £2) ]}

n+ |
a
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(IV) Consider now the integral of the form,

Krco—ﬁf[cﬂe‘ %r[-t“FE K(i- e %)-%]

Socaed AT do! ad 4

ff Cne 49‘ ASAf
(2L + psme—cgme]

(19)

Let us consider first the integration with respectto g ' i.e.

an
f‘ cos! dp'

N+l ’ O R )
o [ B A pans'-igenr’]

o d2
(B5) #
N+ -

"

~i(z+27)/4 4z
L (p-igdzt+ 2z - 4 (p+ig)

i1

jg (2% +22" +1) Az
2 (p-:g) (z-2)(z-2.)2*

(20)



Residue at 2 =0 is
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2(p-%) (Z2-2) z-2.)*

=— i Z, t2a
2(p-ig) 2%z}

Note

2, + 2, = - z((::r%
z,2, = —=£+¢)
(P-ig)*

n+l\% a P /)
=) +
z -z, = 20(F) + ¢+ g*]

P~ "§
Hence (21) becomes

¢ 2(n+1) (P—:’g)”‘
2(p-if)  a(p-if) (P4 )

((n+1)
aCp+ig)

Residue at Z = Zl is

(2 +22, +1)
2(P-if) 2,°(2,~ 2)

-1 [ (2-2)(2-2.)(2+1)42 ~(2+1)[(z-2)+2-2. ]

Z=xo

(21)

(22)

- { z2,* P2 N [
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_ -{. (( - Q{“ Y (¢-F) f"g'—-—«-«—-
2@-?) (g % j [(_'1*_;’_ (J+%]/z [(fﬂ' -:-/f +%}Vx
+ P-i% N P-(¢ ‘ ]
(_%_*_an 2[(%)2* f:.-'_%a]/z
i :

2[("\4-‘) TQ(P+% ]& 4’[(”*‘!) +4’(r1+3)]/1
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«(r-i%)‘ [—(n+:)+,.€nﬂ)*14 G +}=)J f23)

Final result for (19) after further integration with respect to S and ¥
is

K Co gr’s‘,zc'rfg e"‘f Kop| _tntl) __a
ZQ My‘,«l n’ * 2@!

asp Q(F-n%f‘
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where  R'= [(n+1)* 4 " (47 £2) ] 2
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APPENDIX S

THE LIMITING VALUE OF (III-24) AS
c{> .,'%_, o =0 AND,f,%-»o.

Consider terms of the form

' 2 3 3 T 2
(R'=mn+) ] = [-(n+1)+ Lnu)(j |+ &((ﬁ:;)}_l ]

— [ gr+e)
2(n+i)

s 2
E [ ‘éfi'(;fl)) ] Ltn+1) - 2R']

az(p-t* 2
¥ } H(nt1)” ey
tL*(P‘-r%‘)" H ]
-4 (n+1)>
A ptitr

el
-

-
-

. ’ 4—(?‘:%) p - V] <{
. 4@6 [Q'-Ln-«-;)][n“ 'QQ }-— -—q_"(-p-f-i%")—"- (1)

N2

s | [QLf't‘{?) = nt |
4R' (R'=(n+1) ac(prig) (2)

From (1) and (2), (III-24) becomes in the limit

Lt K €1 a3 & K"
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(]

2 ' -K o -l
T K 10 (o S (E) e T L { }

N 2
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APPENDIX 6

EVALUATION OF (III-23) FOR THE CASE OF LARGE K

(I) Consider the integral

K[ A on[-i g~k - 7] s, etz e asar

« th[f Am»f[—i“fg - I<§/¢LJ S, caeX €A% do'dgdt ()

where

y = -*4;1,9’-‘#%@9’
K = &*¢* ( e+ cpa)?

[
The two integrals with respect to § and @ is

[[p it g -xg/m] 545 22!

2N f
:[ 40\ . @)
o (L4 i,fuma’-it{. b’ )

Let

L
do = fl—é'z- , p'=(2+2")/a y 4np'= (z~2") [2i
{

(2) becomes

- 2dz
T e £ @ BT

_ jg ~4iZ dz
(P=iF)* (2-2.)(2-2,)
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|
] . where

Z"*)] _ -% + [(E) & a*(p*+ §2)
Z).(".) (,P_."%)

Residue at 2 = 2.‘ is

4 { -z ] 4
2 .
dz | (z-2z,) Yoy (p-ip)*

‘.(ZL + zi—) ‘4'
(Z. "zz)3 Cp- z%)z

I
()" + #™+ %‘]3/2

3)

The integral in (2) is then given by

2n_Ka?t
[K& + Q’Z('PJ-*_%Z)]#Z

and the final result for (1) after further integration with respect to

S and [ is
K Ao (T 23371 Ka*
P 2 und [K*+ 42({’1"%‘)]3/"
=Ko(()"44"n;940"12¢) 42 K

4o X A [l<z+ Qz(,r;_t?z)]#z “
4
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]

where K HCTS, T K, ’)\"

anz H or ST /re:

Note the way this integral is evaluated is the same as the corresponding
one in Appendix 4 with n replaced by K and leave out the factor

ni

K K"
e 2. . Thus, we need not do other integrals,
n=p

but only have to use the results of Appendix 4 accordingly.

A particular approximate expression for backscattering for this
case when K »% { is as follows

B = | K (l+4‘:~20(') =32
™ Srer s o L
| (e I [, Cl+tA)%Tt
t& P oK {(H-A')"‘(Z " 44’

A'
+ 2
R[-Lt ((+a)7] >}

| (AP (Lot | 4
+ -
K(zm)'{ (0‘/ { %l (1+A 2 [ 2

] ! 2 '
+ -%_—-(f“ (X,’LA )21 [1+20+A)%]

A
[‘l + (_H‘A')I/:'Jz[ (-2 ('+A )/J)]}



| Kema | _
TK 4n”  ee* . (1+A)A [ 2

+ _‘%__ ( -1+ C;A')yzr[u-z (1+A)%]

4 "
Ty L2 )/zJ)]

7Tt

where A = (-‘—‘-@;l )"

‘ -3
i
A (P

A.6-4

(5)
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APPENDIX 7

MOTIVATION FOR THE PARTICULAR FORM OF THE
SURFACE-HEIGHT CORRELATION FUNCTION

The result of Daniels [1961] shows that the backscattered
power and the signal correlation function is related through Hankel
Transformation, i.e.

P(«) =f ta?d frg) % J, (2kEx) 4 )

where P(£) is the average return power
fE (€) the signal correlation function, = exp {-—K (1= r(g)]}
K = 44%9° o«
0 = standard deviation of the surface
® = 2W/A
N = wavelength
Y{¥) = surface-height correlation coefficient

J, = zero order Bessel function

Thus, the inverse transform gives

r0°
fe @)= [ 1.6k [T ro) dba)
0 2
Y SN'Y S @RAE) P) ot Ak
Lo %

)

K- )] = A [ [P—E—ﬂ% 7, (24«%) Pcd)ddd]

ng)= [ + -‘-L«H —‘L—q J @hoE) P(cf)o(dlc(]

o
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It is, thus, seen from (2) that the surface-height correlation

coefficient should have the form as given by (2).
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